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MEETING OF 1950 MAY 12 
Professor W. M. Smart, President, in the Chair 


The election by the Council of the following Fellows was duly confirmed :— 


Eric Burgess, 4 Cordova Avenue, Denton, Manchester (proposed by H. L. 
Dilks) ; 

Bernard Edward Featherstone, M.P.S., 6 Westbourne Road, Sketty, Swansea, 
Glamorganshire (proposed by G. Corbett) ; 

Rev. Francis J. Heyden, S.J., Ph.D., Georgetown College Observatory, 
Washington, D.C., U.S.A. (proposed by Rev. P. A. McNally, S.J.); and 

Cyril Ashley Swindin, 11 Tyndalls Park Road, Bristol (proposed by F. 
Sargent). 


One hundred and six presents were announced as having been received since 
the last meeting, including :— 


Samuel Cousins, reproduction of engraving of John Couch Adams (presented 
by T. J. Cheater). 


The President announced that Professor Joel Stebbins would deliver the 
George Darwin Lecture at the Ordinary Meeting on 1950 October 13, taking the 
Electrical Photometry of Stars and Nebulae as his subject. 


ADDITIONAL MEETING OF 1950 SEPTEMBER 22 
in the Rooms of the Royal Irish Academy, Dublin 
Professor W. M. Smart, President, in the Chair 


The President referred in the following terms to the sudden death of Professor 
E. A. Milne (the Fellows standing) : 


“* Fellows of the Society and our guests must now have learned of the severe 
blow which the Royal Astronomical Society, and indeed the whole of the 
scientific world, has suffered through the sudden and untimely death of Professor 
E. A. Milne in Dawson Street yesterday morning while on his way to the rooms 
of the Academy for our first discussion. 

“* Many of us have lost a staunch friend and colleague, and the Society has 
lost a Fellow who must be reckoned as one of the outstanding astronomers of 
our generation. To an intellect of astonishing range Milne added a clarity and 
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fluency in exposition and extempore debate which always fascinated his audience. 
Simple and modest in demeanour, he was always approachable and helpful to 
Fellows and research students.however young in years and experience they might 
be. 

‘“* As a comparatively young man he gained the highest distinction which the 
Society has to offer—the award of its Gold Medal; and in the anxious years of 
the war he presided over the fortunes of the Society, steering it successfully 
through a difficult time. 

“‘ His researches cover an extensive field: in the early days at Cambridge, 
just after the first war, when he and I were colleagues, he solved the problem 
of the calcium chromosphere; later his researches of far-reaching importance 
embraced the difficult problems of stellar temperature and stellar structure, 
and very recently he became deeply interested in the dynamical evolution of the 
spiral nebulae. All these investigations—and many others—were and are of 
fundamental importance in astronomy; but perhaps what he himself regarded, 
as many do, as his most significant contribution to the progress of science, was 
his original and far-reaching exposition of kinematical relativity—a totally new 
way of approach to the greatest problem of all, namely the physical properties 
and evolution of the Cosmos. 

‘“‘'To-day he was to have read an important paper on gravitation and 
magnetism. 

“* We have lost a great master whom we in the Royal Astronomical Society 
will always hold in the highest esteem amongst the giants of our science, and, 
I must add, in kindly and sincere remembrance.” 

The President remarked that this meeting was the third in the history of 
the Society to be held outside London. He expressed the thanks of the Society 
to the President and Council of the Royal Irish Academy, by whose hospitality 
the meeting was possible. He also thanked the Minister for External Affairs 
and Mrs MacBride for their cordial reception of the Society at Iveagh House 
on the previous evening. ‘The guests, whom the President welcomed, included 
Mr Eamon de Valera; Mr Geofroy Tory, representing the British Ambassador; 
Professor M. Tierney, President of University College; the Provost of Trinity 
College; the Registrar and representatives of the Royal Dublin Society, and of 
the Dublin Institute of Advanced Studies; the Chairman and members of the 
Irish Astronomical Society; and the Earl and Countess of Rosse, who had 
invited Fellows to visit Birr Castle on the following Monday. The President 
said that the name of the Earl of Rosse was one well known to astronomers and 
also in the annals of the Society, since two of the present Earl’s predecessors 
had been Fellows. The President remarked that the occasion of the Society’s 
visit to Dublin was of particular interest, since the decision of the Council to 
hold meetings in centres other than London, for the benefit of Fellows unable 
to travel so far to meetings, had been prompted by a letter received from a 
Dublin Fellow, Dr F. E. Lewis, whom he was glad to see present. 

Professor F. J. M. Stratton expressed the indebtedness of the Society to 
Professor H. A. Briick for all that he, and members of his staff, had done to 
organize the very successful meetings, including the Colloquium on Solar Physics 
(held the previous day in the rooms of the Royal Irish Academy) and the visit 
to Dunsink Observatory. His activity showed that Dunsink was once again 
becoming a centre of astronomical research. A cordial vote of thanks to Professor 
Briick was passed with acclamation. 
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Two hundred and forty-four presents were announced as having been 
received since the last meeting, including :— 


W. H. McCrea, Physics of the Sun and Stars (presented by the author); 

Ernst Zinner, Leben und Wirken des Fohannes Miiller von Konigsberg, 
genannt Regiomontanus (presented by the author); 

Paul Couderc, L’ Expansion de I’ Univers (presented by the author); 

A. Unsold, Physique de Il’ Atmosphére des Etoiles—French translation by 
V. Kourganoff (presented by the Centre National de la Recherche 
Scientifique); and 

Time and its Mysteries, Four lectures given on the James Arthur Foundation, 
New York University, by D. W. Herring et alia (presented by the New 
York University Press). 


A number of Fellows signed the Admission Book. Professor D. H. Menzel 
showed his latest film, entitled “‘ Action on the Sun ”’, to illustrate his paper on 
the classification of solar prominences ; and other papers were read by Professor 
H. Zanstra, Dr W. H. Ramsey and Mr H. E. Butler. 


Other meetings held in connection with the Society’s visit to Dublin included, 
on the evening of September 20, an informal gathering of Fellows in the rooms 
of the Royal Irish Academy; on the evening of September 22, a Public Lecture 
on “ Time” given by the Astronomer Royal at University College, Dublin, 
in cooperation with the Dublin Centre of the Irish Astronomical Society; on 
the morning of September 23, a Geophysical Discussion on Planetary Atmo- 
spheres; and on the evening of the same day a reception by the President of 
University College. Excursions to neighbouring places of interest were arranged 
for Fellows and their friends; in particular a visit to the Observatory at Armagh 
on September 24. 








GRAVITATION AND MAGNETISM 
E. A. Milne 
(Received 1950 April 21) 


Summary 


It is shown by the methods of kinematic relativity that there should be a 
connection between gravitation and magnetism of the type suggested by the 
empirical formulae of Blackett and Wilson, multiplied however by certain 
dimensionless ratios. The field of a rotating system cannot be represented 
by a dipole. The derivation only applies rigorously to a rotating system like 
a galaxy, with its centre at a fundamental particle. The results obtained 
suggest that for a given mean density and given angular momentum, a highly 
flattened system should have an effective magnetic moment greater than a less 
flattened system. 





1. It has been shown by H. W. Babcock (1) that the magnetic moments of the 
Earth, the Sun and the star 78 Virginis are approximately proportional to their 
respective angular momenta, although since then the work of Thiessen (2) has 
thrown doubt on the reality of the magnetic field of the Sun. The consequences 
of this proportionality have been developed by Blackett (3), who has embodied it in 
the empirical formula 


1/2 
p=-pL_U, (1) 


where p is the magnetic moment of the rotating body, y the constant of gravitation, 
c the velocity of light, U the angular momentum and § a constant of the order of 
unity. Blackett suggested that the empirical relation (I) may be a general property 
of massive rotating bodies of roughly spherical shape, and that it might indicate a 
new fundamental property of matter not contained within the structure of existing 
physical theory. Blackett also pointed out that (1) is equivalent to a hypothesis of 
H. A. Wilson (4), that a mass element m moving with velocity v produces a magnetic 
field H at a vector distance r given by 


v2 
yl? var 
ania. Wa mrp’ (2) 


At the same time Blackett emphasized that (2) is certainly untrue if applied to 
free translation, as it predicts magnetic fields which are not found; and that 
(2) as it stands is inconsistent with the restricted principle of relativity. 

2. It has been claimed by M. Causse (§), of the University of Paris, that his 
development of the theory of kinematic relativity predicts that all forces are of 
electromagnetic nature, and that this explains the existence of magnetic fields in 
rotating bodies. I am unable to accept this claim in Causse’s form, as it depends 
on his assumption that inertial mass M is always a constant m, whilst energy 
E is mc* log €"*, a pair of results which do not give Einstein’s relation E = Mc?, 
so fundamental in all theories of the ultimate constitution of matter and so 
devastatingly confirmed by the atomic bomb. 
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3. In the present paper I show however that a magnetic effect of gravitation can 
be deduced from the theory of electromagnetism expounded in Part IV of my 
recent book Kinematic Relativity (1948). The point of departure is contained in 
Section 194 of that work. There I showed that a possible solution of the equations 
I obtained for the electromagnetic super-potentials led to the gravitational potential 
energy for two particles in one another’s presence, which I had arrived at by an 
independent method in Part III of the same work. I am now able to show that 
the counterpart of the electric field corresponding to this solution is precisely the 
ordinary gravitational field, provided that certain virtual charges are supposed 
distributed proportional to mass. The question that then arises is: what is the 
counterpart of the corresponding magnetic field, i.e. the magnetic field arising 
from the same super-potential? The answer to this question is that the magnetic 
field is given by H. A. Wilson’s formula with the velocity replaced by the cosmical 
recession velocity corresponding to the place at which the field is being evaluated. 
After some transformations it is then shown that the effective dipole strength of a 
body in rotation of the size of the galaxy is given by a formula closely resembling 
Blackett’s formula. Since kinematic relativity was expressly developed to deal 
with problems of the galactic order of magnitude, it is satisfactory to have got so 
far. Applied to a body of the size of the Sun, my modification of Blackett’s 
formula gives a negligible magnetic field, but I am not inclined to consider this a 
legitimate application of the theory, as prima facie it only applies to a body in 
rotation about a fundamental particle in the sense of kinematic relativity, i.e. about 
the nucleus of a galaxy. Further discussion may be postponed until the formulae 
have been derived. 

4. The electromagnetic theory in kinematic relativity arises from the construc- 
tion of super-potentials. The super-potential giving the effect at a point P, 
of a charge at a point P,, all reckoned relative to a given fundamental observer O, 
is a 4-scalar ¢,,, a function of P, and P, and possibly their velocities, such that the 
6-vector (H,, E,) describing the electromagnetic field at P, is given by the relations 


I o 0 
=*s OP,0t, sa | bay (3) 


ans Q Q '\* 
H,= ES A Pr, | ar: (3’) 
It has been shown that the super-potentials ¢,, and ¢,, satisfy the equations 


- * Ly2 be = — > Lo big = (4) 


and 
Lyida=—¢2, Loedi2=— $12 (5) 


0 r) 
Lip ta5p + Pi-ap> (a, B=1, 2) 


where 


and q;, 92 are the charges at P,, P, ; @ is the joint electromagnetic energy of the two 
charges q, and q, ; t, and f, are the epochs at P, and P,, and fy is the present age of 
the universe, all reckoned from the natural origin of time. Relations (4) and (5) 
are the conditions that the equations of motion of the two charges (which I need not 
here quote) shall possess an energy integral. 

r) é 
oP, aP, 


a 


* The notation expresses a differential operator whose x-component is ein, ~_ PPE ¥ 
10%, 1 
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5. Relations (5) show that ¢,;, ¢;., must be homogeneous and of degree —1 in 
the variables (P,, ct,), (P2, ct.) respectively, by Euler’s theorem on homogeneous 
functions. Now previous work had thrown up the denominator 

(X},—-X,X2)™, 
where 
X,=8-P2/ct, X,=-Pi/c, X,,.=t,t,—P,.P,/c*, (6) 
as playing the part of the denominator 7 in ordinary potential theory ; this is 
of the requisite degree — 1 in each of the pairs of variables (P,, ct,), (P2, ct,); and 
moreover 
Ly_(Xj,—X,X2)¥? = 0 = Ly (X,—-X, X)™, 


so that (X?, —X,X,)-"? behaves as a constant under either of the linear operators 
Ly2, Le;. Hence we can put 








a tar " Pra 
ba = 42 (X?,—X,X,)"? ’ rz mG) (X?,— a X,)¥2 ’ (7) 
where y,, must be of degree zero in the variables (P,, ct,), 44. of degree zero in the 
variables (P,, ct). 


It was shown that the solution which gave classical electromagnetism in a 
strictly relativistic form was 


pa 4 — 
du=—} peyia sige 1 (8), (8’) 


Z,=t,-P, .V,/c*, ‘ ‘ . V,/c*, 
Zy2=t,—-P,.V,/c?, 2 2+ V,/c?, (9), (9’) 
Y,=1-V3?/c?, / 2ic3, (10), (10’) 
V,, V, being the velocities of the charges p, and p, at P, and P,. (I am using the 


symbol p to denote actual charges, the symbol g to denote virtual charges.) 


6. Onthe other hand, I pointed out in Section 194 of Kinematic Relativity that 
a solution not involving the velocities was 


Yo =Xq, =X. (11), (11’) 
For then 
Ly2 a1 = 2X2 = Loy yp. 
We have then 
_ X; = X, 
tn ROX fh i 
whence, by (4), 


1.92 2X49 
tty (Xig—X,X,)"" (14) 





7. Now the joint gravitational energy of two particles of masses m,, mg at 
points P,, P, at times ¢,, ¢, had been shown by independent reasoning to be x, 
given by 
=) m,m,c* Xia 

My (Xig—X,X;)?’ 
where M, is the mass of the equivalent homogeneous universe. Let us now, as a 
definite physical hypothesis suggested by the formal equivalence of (14) and (15), 





x= 
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identify the pseudo-electromagnetic energy ® with the gravitational energy x, 
by assigning to each particle of mass m a virtual charge g, proportional to mass, 
given by 
ag _ met 06) 
Cty My 
or 
qV2=Yo'*m, (17) 
where yo, given by 
Ste 8 
Yo M,’ (1 ) 
is the present value of the so-called constant of gravitation. That this is the 
correct interpretation of y, is shown by taking the observer at P, and so putting 
P, =0 in(15), when we get 
m,m,c* ct, 
ko ~ “aa (19) 
where 
¥1 =Ct,/ Mg, (19’) 
t, being the epoch at which P, isconsidered. It is well known that (18) reproduces 
the actual value of yo, on taking fort, the present age of the universe as judged by the 
recession of the extragalactic nebulae, 0-6 x 10!’sec., and for My, the value 
26x 10g. as corresponding to a present mean density of the smoothed-out 
universe of 10-2? g.cm.-8. The proportionality g?oct, is consistent with the 
properties of the fine-structure constant 27e*/hc, since this is dimensionless and 
since kinematic relativity requires hc t. 

The present stage of our calculation is then that we have identified the joint 
gravitational energy of two massive particles m,, m, with the joint electromagnetic 
energy of two virtual point-charges g,, ga. ‘This virtual electromagnetic field is 
supposed to be additional to any actual electromagnetic field due to any actual 
charges e that may be present. Let us now calculate the corresponding virtual 
electric intensity and compare it with the gravitational attraction. , 

The gravitational attraction at the test-particle P,, of mass m,, due to the 
mass m, at P,, was shown to be given in Lorentz-invariant form by 
Ox mm, Xe 
~ OP, = “My, (X?, —X,X,)*” (P, X, —P, X,). (20) 
The virtual electric intensity at P, due to g, at P, is, on the other hand, given by 


=- 2 e. 0 G2Xo 
E, = c Lap; ar Ot, OP, ar | (X?,—X,X,)"*" (21) 
Using the relations 








oe? 
aP,0t, °° ar, * “~ 





| aman - apa, | (X7,- x, X,) sated (23) 
we find that threatened terms with denominators (X?, — X,X,)-"?, (X?, —X,X,)-5# 


disappear identically, and we get by detailed differentiation and some cancellation 
of terms, 


B= Sort Xs -X, 8 (1Pa— te Pi). (24) 
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For P, =0, (20) reduces to 





met) P, _ 
("Tn ) TEP = 


and (24) gives a pseudo-electric force on q, equal to q, E, or 


P, , 

—Z tk k- 2 
1 q2 |P, 3 ( 4 ) 
On using (16) we see that (20’) and (24’) are identical, and give moreover an 
inverse square law of force. Furthermore, (24') represents an attraction on P, 
in the direction of P,. Thus (21) gives the correct sign for a gravitation intensity. 


That this is no trivial point is seen by taking the genuine electromagnetic solution 
(8), when we find (Section 195 of Kinematic Relativity) 


cc en (PX, —P2X12)}(Zs + Zo1) — (th X2— teX12)4(Vi212 + VeZ a1) 
TP Xf Xk : 
which gives, on taking the observer at P, (P, =0), 





+ uieie ..% ; 

YPYE [P,P 
Thus “ like” actual charges repel, “ like’ virtual charges attract, as required by 
experience. It should be noted that the form (24), like (25), represents the electric 
intensity as part of a tensor, namely E, as a component of a 6-vector, whilst (20) 
represents the gravitational attraction as a 3-vector. 

g. The question now arises, if the virtual electric intensity corresponds to 
gravitational attraction, what corresponds to the virtual magnetic intensity? 
This is given by 

92Xo 


e, E,= 


0 7) 
Lap, ap, oR — 
Carrying out the actual differentiation and noting that 
0 e 
EB A oP, Xs O, 
0 0 I : 
EA ae adhe 


242 X, 
AL) aw @° 
A RRA Xe (28) 
Taking ¢, = t, =t, this gives approximately 
P, P. 
=e. — A oo 
H, 292 ct |P. —P, 3 ’ (29) 
which may be re-written as 
P P,—P 
H, =2¢, — A —2——"... 
1 qe ct |P, —P, 8 (30) 
This is the moment about the origin of a vector through P, in the direction towards 
P, inversely proportional to the square of the distance |P,—P,|. This has no 
counterpart in classical gravitational theory. 
10. If we re-write (30) as 
P. P, -P. 
Sn «90, 2 Ace 
1 242 ct |P,—P,,*’ (31) 
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and note that P,/t is the cosmical recession velocity V, at the source-point P,, we 
see that (31) is just Wilson’s formula for this case; for putting P, —P, =r, it gives 


V, , r 
H, = —_ “> TP ’ (32) 


or, using (17), 
2 
mn « eas re (32 a) 
which is (2) with 8, evaluated as 4/2. 

11. It must be particularly emphasized that we have not established H. A. 
Wilson’s formula as true generally. Indeed, had we done so, we should have 
established too much, for, as emphasized by Blackett and Wilson, the formula 
cannot be true in general. By obtaining (28) by processes strictly relativistic we 
have however removed the reproach which Blackett made against Wilson’s 
formula, that it was not consistent with relativity. ‘Thus an appropriate modifica- 
tion of Wilson’s formula is established in a strictly relativistic form when V, is the 
cosmical recession velocity at P, with respect to the observer, taken to be at a 
fundamental particle, provided we regard the virtual magnetic field as an actual 
magnetic field. 

12. Let us now consider the bearing of this on the rotation of a massive 
system of particles centred on a fundamental particle. Consider a particle m, of 
such a system, ata point P,. The gravitational force F, on m, due to all the other 
particles in the universe is given by 


P,—P, 


F, =ym, b.- "*|P,—P,P |P,- =P, (33) 


and the moment I, of this force jini the origin is given by * 


P,-—P. 
a faa A m, ‘PP, (34) 


We can express this in terms of M,, by Seah ; thus, since now by (30) 


ee. > Far 
moa SAP - 
we have 
Pr, =ym, 3 H,, 
or, by (17), 
DT, =(4y)"? ct m, Hy. (36) 
Now it is a well-established result in kinematic relativity that the angular 
momentum of a particle or system of particles about a fundamental particle 
increases secularly proportionally to the time reckoned from the natural origin of 
time, this effect being due to the couple exerted by the substratum or smoothed-out 
universe. The angular momentum U obeys in fact the equation (Kinematic 
Relativity, Section 98) 
dU U 
teed (37) 





* The contribution to FP, of the mechanical force due to H, is zero; for it is 
v,AH 
aP,a( " ) =q,(—H,(P, . 0,)+0,(P, - H,)). 
But P, .H,=0, by (28); and for a rotating body, for which v,;= QA P,, we have also P, . v,;=0. 











272 E. A. Milne Vol. 110 


But we may equally calculate dU/dt as equal to the vector sum of the couples 
exerted by the separate gravitational pulls of the remaining particles vf the universe. 
Thus we may put 


—- =r 8 
at : l» (3 ) 
where © denotes a summation over all the particles of the system, of which a 


1 
particular particle was m,. Hence, combining (36), (37) and (38), we have 


U " 
t = (iy t om, H,. (39) 


We now give t its present value fj, and consequently y its present value yp. Then 


+ I I 
3m, 08,9 3 ge (40) 
13. The virtual magnetic field H, at P,, given by (35), is not that due to a dipole 
at the origin. The magnetic field H, at P, due to a dipole of moment p at the origin 
is in fact given by 
0 p.P, U 3(u-P1)P; 

"~~ ap. PP ~~ Pt TAP ti 
and we can assign no value to uw independent of P, which makes (41) reproduce 
(35). Nevertheless, since Babcock and Blackett have conducted their analyses on 
the hypothesis that the magnetic field of a large rotating body is that due to a dipole 
parallel to the axis of rotation, it is convenient to pick on the value of Hj at, say, 
points on the equatorial plane of the rotating body, and represent the value as due 
to a dipole of moment py parallel to the axis of rotation. Then, since fora point P, 
at the equator, uw, .P,=0, we have by (41) 


a — 
H,= |P, |?" (42) 


This value H, takes the same value at all points on the equator, and if a is the 
equatorial radius, 


(43) 


Hence, with this convention, the summation occurring on the left-hand side of 
(40), when extended to a sct of particles forming an equatorial ring of mass (Xm) 
and radius a, comes to 


is oe - em, (44) 
and so, by (40), 
Se ee (45) 
ar ete Eye) Sim, 6 
Multiply numerator and denominator on the right-hand side by yj”, and use for 
Yo in the denominator the value given by (18). We get 


12 
yh? My 4$na@U 
ef 2 — ~~. —_—_—_.. 6 
Pet V*"c an(ct, Lm, (4) 


Now M,/n(cto)® is the mean density of the equivalent homogeneous universe, 
since in kinematic relativity ct, is the radius of the universe. Also U, being the 
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angular momentum of the ring of particles of radius a and mass tay! is equal to 
=m,)Qa’, Q being the vector angular n'y Thus 


beg= — V2" we * pera ; (47) 


14. Next, suppose that the system of particles we are considering forms part 
of an ellipsoidal galaxy of equatorial radii a and polar semi-axis b. For such a 
system, regarded as homogeneous, the total angular momentum A is equal to 
2 Ma’, and the total mass M is equal to §p,a"b, where p, is the mean density of the 
galaxy. In terms of Vand p,, we have 


5A 
$zat o or. 
R= b Pr (48) 


Hence (47) gives bey = — $2 wv at (49) 
Formula (49) gives the effective magnetic moment of a rotating galaxy in the 
form of Blackett’s formula multiplied by the dimensionless factors po/p, and a/b. 

It is evident that these factors act in opposite directions; the factor po/p, is 
considerably less than unity, the factor a/b considerably greater than unity. 
The mean density of the smoothed-out universe, pp, cannot be greater than 
10-*7 g.cm.-3; the mean density p, of our own galaxy cannot be less than 
10-*6 g. cm.-8, Hence the factor po/p, cannot exceed 4 at most, and is more likely 
to be at least as small as 5. The factor a/b, on the other hand, may be taken to be 
at least as great as 10, possibly much larger for a discoidal galaxy. We may be 
satisfied with having established theoretically the same order of magnitude for 
the magnetic moment of a rotating galaxy as was suggested by Blackett’s empirical 
formula. 

15. Formula (49) indicates that extreme flattening, for a given mean density, is 
highly favourable to the existence of a large magnetic dipole moment, in the case of 
agalaxy. Great caution must be used, on the other hand, in attempting to apply 
(49) to smaller systems, whose centre is not at a fundamental particle. Prima facie, 
for a body like the Sun, for which p, is of the order of magnitude of unity and a/b 
equal to unity, formula (49) predicts a negligible magnetic moment in so far as such 
a moment could arise from the virtual charge-distribution considered in the pre- 
sent paper. But the Sun is not centred at a fundamental particle, in the sense of 
kinematic relativity. 

16. It may be repeated that the form of field predicted by the present theory is 
not that ofadipole. Ifwe apply to (40) the transformations used in the immediately 
succeeding analysis, but without deriving H, from a dipole, we get for the equatorial 
value of the magnetic field at distance a the more fundamental formula 


1/2 
H, = 2 pyirai, (50) 


a result which does not assume an ellipsoidal form for the galaxy or its homogeneity. 
17. Let us apply (50) to our own galaxy. ‘Taking 
Yo =6-66 x 10-8, c=3x10!cm. sec.-!, p y=107*? g.cm.-3, 
Q corresponding to a rotation period at the Sun’s distance from the centre 
of 2:24 x 108 years, and a=10‘ parsec =3-08 x 102 cm., we find from (50) that 
the galactic magnetic field at the Sun’s distance should be 0-45 x 107! gauss. 
Professor H. H. Plaskett has kindly drawn my attention to a paper by W. A. 
Hiltner (6), wherein observed polarization effects in the light from distant stars 
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are attributed to possible scattering by interstellar particles oriented by a 
magnetic field. Such a magnetic field has been postulated on other grounds by 
Alfvén (7) and evaluated as of the order of 10~! gauss, which is about what is 
required to make the shower particles in cosmic rays fairly isotropic. It should be 
noted that (50) contains no arbitrary coefficients, and does not require an estimate 
of the mass of the galaxy. 

18. The most fundamental result of the present paper is (35) with g, replaced 
by m, by use of (17), namely, 

ae ys P,—P, » 
H, =, a ae 51) 

We may state this new fundamental property of matter in words in the form that 
the gravitational magnetic field at any point P, is proportional to the resultant 
moment about the origin (taken as a fundamental particle) of all the gravitational 
forces at P, due to the rest of the universe. 

Oxford: 
1950 April 20. 


Notes added 1950 June 17 


1. (Note to Section 4.) The epochs 4,, t, at P,, P, are to be treated as indepen- 
dent variables in differentiating the super-potentials. When application is made 
to an actual electromagnetic or gravitational situation, an invariant relation 
connecting ¢, and t, needs to be imposed. This may be taken in the gravitational 
case to be X,=X,. (See Camm (8).) This reduces for all ordinary distances to 
t,=t,, approximately. The same relation may be imposed in electromagnetic 
cases when radiation effects are not involved. However, in many applications of 
the present electromagnetic theory the explicit occurrence of two epochs ,, ft, is 
merely formal, as on taking the observer at P,, so that P, =o, the epoch f, is found 
to disappear. (Cf. (15) and (19), and also (25) and (25’).) We need then only the 
value of t, at the test particle, and this is just the current time-variable as used by 
the observer at the origin. 

2. (Note to Section 11.) In the text, the virtual magnetic field is regarded as 
an actual magnetic field, acting on any moving charge, whereas the electric field, 
identified with gravitation, acts only on the virtual electric charge g,. I was aware 
of this inconsistency, and a referee has invited me to justify it. I think that if the 
magnetic field is to be regarded as a new fundamental property of matter, we shall 
just have to accept this as a part of the strangeness of the situation. On the other 
hand, it is possible that we should invert the relation, and regard the gravitational 
pulls on gross matter as actual electric forces acting on real charges. It may 
be pointed out that the virtual charge g which I have associated with a proton of 
mass m=1-66 x 10°**g., according to (17), is only 3-0 x 10-*8 e.s.u., as compared 
with the actual charge on a proton of 4:8 x 107" e.s.u. 
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MODELS FOR RED GIANT STARS 
I. GENERAL DiscussION AND APPLICATION TO HOMOGENEOUS MODELS 


C. M. Bondi 


(Received in revised form 1950 May 1*) 


Summary 


The aim of this series of papers is to consider systematically all possible 
models for red giant stars from the mathematical point of view. This first 
paper gives a brief general discussion of the red giant problem and this is 
followed by a consideration of the mathematically simplest case, that of 
homogeneous models. It is shown that if present views on opacity laws in 
stars are correct, no homogeneous model provides an adequate explanation 
of the red giant phenomenon. 





1. Introduction.—The problem of red giant stars has received much attention 
from many writers, but has so far eluded any complete solution. Various models 
have been suggested, some of which give considerable increases in radius over 
a main sequence star of the same mass, but there has been no systematic 
investigation to discover all the possibilities and then to select those models 
which have some physical relevance. 

Red giant stars as observed have luminosities equal approximately to some of 


the highest luminosities in the main sequence, but have very much lower surface 
temperatures. This fact indicates that the radii must be vastly greater than those 
of main sequence stars with these fairly high luminosities. As far as the masses 
are concerned, they are not very well known, but what is known shows that they 
do not differ very greatly from the higher main sequence masses. The type 
of phenomenon for which a theory must account is the existence of stars of 
approximately the same mass but with a radius of about 200 times that of a main 
sequence star. 

The law of energy generation applicable in red giant stars requires some 
comment. The possibility that red giants might be stars of low central 
temperature producing their energy by gravitational contraction can be ruled 
out as a complete explanation on the grounds that the lifetime would be much 
too short to account for the proportion of red giants observed. Hence the 
energy must be supplied by nuclear processes, which requires that the central 
temperature should be in the neighbourhood of 2 x 107 degrees. The central 
temperature must therefore be approximately the same as that of a main sequence 
star. 

It is the aim of this paper to begin a systematic investigation of the problem 
and in particular to deal with homogeneous models. It is shown that by the 
use of h-variables described in an earlier paper t, the criterion of a large increase 
in radius over a main sequence star of the same mass is very simply expressible. 
When a solution of a stellar model is plotted in the (S,Q) plane, a qualitative 

* Originally submitted 1950 January 10. 
+t C. M. Bondi and H. Bondi, M.N. 109, 62, 1949. (To be referred to as Paper A.) 
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examination shows at once whether or not a large increase in radius can be expected 
for that model. Thus it is necessary to integrate only those solutions which 
appear to give results of interest. 

The models considered in this paper belong to the general class of those 
with a convective core and an atmosphere in radiative equilibrium. This type 
of model is widely accepted as being the only valid one when nuclear processes 
are responsible for the energy production, but in fact this choice has very little 
effect on the radius. The polytropic index for the core is taken to be 1-5. 
Radiation pressure is neglected throughout. This cannot have a major effect 
on the radius and seems justifiable at this stage. 

2. In this paper, the variables r, p, P and T have their usual definitions. 
Other symbols are defined as follows :— 

M = M(r) =mass contained within a radius r of the centre of the star, 
G =constant of gravitation, 
& = gas constant, 
= molecular weight, 
a= Stefan’s constant, 
c=speed of light, 
X =proportion of hydrogen by mass, 
S = 4nPr*/G M?, 
Q=Pr/GMp, 
N=1-—dlogp/dlog P, 
n=polytropic index as it occurs in Emden’s equation, 
O,(.S; N) =Emden function corresponding to N=1/n+1. 

Suffix s will be used for surface values and suffix c for central values. 

S, Q, N are the h-variables as defined in Paper A. 

The hydrostatic equation in physical variables is 

dP GM, 
— i ’ (1) 
r r 


and the equation of mass conservation is 


dM 


<— =4nr%p, (2) 


When these are expressed in h-variables, they lead to the single equation 
SdQ_ S+N-Q 
QdS  1+2S—4Q° (3) 


The variables r/r,, M/M, and T/T. can be considered as functions of S and 
obtained by the following quadratures. 


% ° Qds re dO 


~ 


Jo S(t+2S—40) Jo S+N—-OQ’ 





r 
log = 
r 





log Me - (* SdO a (° dS 
M Jo QS+N-Q) Jo1+2S—40’ 


log = [ NdS “f NdO 
T ~ Js Sq+2S—40)  Jq OS+N-O) 
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In addition to equation (3) we have the energy transfer equation which takes 
various forms under various physical conditions. In almost all cases, this can 
be expressed in terms of h-variables. 

Thus one can obtain solutions in the form Q = Q(.S) and N= NS). 

In comparing the radii of different stars, it is of great advantage to have 
available some non-dimensional quantity which is a measure of the radius of 
a star, given its mass. For, even two main sequence stars may have very different 
radii if the ratio of their masses is large. It is the fact that their radii are so much 
larger than the radii of main sequence stars of the same mass that is the phenomenon 
of red giants. In constructing a non-dimensional parameter, the central 
temperature is available, since it cannot vary much among stars which generate 
their energy by nuclear processes, and hence must be nearly the same for red 
giants as for main sequence stars. 

The invariant 

ATs, peG M, 
possesses the required qualities. The factor ~, in the denominator can 
contribute only a small factor. We therefore consider the expression of this 
invariant in terms of h-variables. 

From the definition of Q, it follows that 





Pr Ps 
log O=log GMp =l08 Cio 

Therefore, since P,= &p,T, > 

be = eg 0,4 Q S: dS ‘ 4 NdS 
Cit : » SEN Q Jo 1+2S—40 ° Js, S(1+2S—4Q) 
from “a ensintenie for | r/r,, M/M, and T/T,, where (S,,Q,) is an arbitrary 
point on the (S,Q) solution. It must be pointed out that the integrals in the 
above expression are line integrals, taken along the particular solution under 
consideration. 

That the right-hand side of the above equation is independent of the particular 
point (.S,, Q,) may be seen by differentiation with respect to S,, using equation (3). 

RT.7,/u-GM, is an invariant for all stars possessing the same homology 
invariant solution. In general, this is a single infinity of stars. 

Suppose that a specific value of S, is taken, sufficiently large for it to be a 
point of the convective core for all solutions under consideration. ‘That this 
is legitimate follows from the arbitrariness of S,, discussed above. We now 
compare the values of the invariant for a standard main sequence model and 
for an extended model, using the same value of S, in each case. Both log Q, and 

° NdS 

s, S(1+2S—4Q) 
are independent of the particular solution, since S, lies in the core for each model. 
Hence large extensions of radius will occur when 


big ” er | Ses %:dQ dS 
f. o (S+N- nk. o dS(S+N-O) 

(where suffix 1 indicates clean at S,) is ia larger than the corresponding 

quantity for a main sequence star, provided that at the same time 

=[" dS 


o (1+2S—4Q) 


r P M p 
+m — +log— —log — —log~. 
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does not become large. 
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r,, M, are dimensional quantities and are not necessarily the same for two 
different models at the same point (S,,Q,). Hencer,, M, are not useful standards 
of comparison for r,, M, and logr,/r,, log M,/ Mj are not in themselves appropriate 
criteria for red giant stars. It is only as a consequence of their appearance in 
the expression for the invariant that they are of interest. 

From the second integral form for r,/r,, it follows that in regions where 
S+N-Q is small, but where dQ/dS is not very small, the contribution of this 
integral to the invariant is large. From the integral form for M,/M,, it follows 
that in order that the contribution of log M,/M, to the invariant shall not be too 
large, (I+2S—4Q) must not be very small. Thus the invariant will be large 
if over some part of the solution dQ/dS and (1+2S—4Q) are of the order of 
magnitude of unity, while S+ N—Q is small compared with unity. 

Now, from equation (3) it follows that in order that the condition on dQ/dS 
shall be compatible with that on (S+N -—Q), either S or ([+2S—4Q) must 
be small. As a consequence of the above condition on (1+2S—4Q), it follows 
that S must be small compared with unity. 

The only possible means by which r,/r, may be made large without making 
S+N-—-Q small is by making dQ/dS large. This would imply again that S 
should be small compared with unity, since (I+2S—4Q) is of the order of 
magnitude of unity as before. 

The only points at which dQ/dS is large, while (S+N—Q) and (1+2S—4Q) 
are of order unity, are in the neighbourhood of S = Q =o, that is, near the surface. 
This is a region through which the solutions for all models must pass. Hence 
the region near to S=Q=o makes a large contribution to the invariant whether 
the standard model is used or not. Since the aim is to produce an increase of 
the invariant over its value for a main sequence star, this region is therefore 
not relevant. 

It is therefore both necessary and sufficient, in order that a stellar model may 
possess a value of the invariant large compared with its value for the standard 
model, that the solution should pass through a region in which both SandS + N-—Q 
are small compared with unity. It follows that the solution must pass through 
a region in which both S and Q—WN are small compared with unity. 

But for small S, N is always a slowly varying function of S. Hence, when S 
is small, N—N, is also small and, therefore, the above condition implies that the 
solution must pass close to the point (0, N,) in the (S, Q) plane. 

A systematic investigation of possible models must necessarily start with the 
simplest cases. It is for this reason that in this paper attention will be confined 
to homogeneous models, that is, models of uniform composition. We have to 
investigate the models mathematically and then having seen to what physical 
conditions they correspond, select those which are physically plausible. 

3. In this, as in most stellar problems, the solutions of Emden’s equation 
are of use in the most general case. We therefore proceed to a consideration 
of these solutions in the (S,Q) plane, where Emden’s equation is obtained by 
putting N =constant (since N=1/n+1) in equation (3). Thus, we have a first 
order differential equation in S, Q. It will be found advantageous to derive the 
properties of the Emden equation directly in terms of A-variables, even though 
the equation has been examined in many other forms by various authors. 

From the definition of S and Q only the region S >0 and Q 30 is of interest. 

It is an immediate consequence of the equation that the solutions have 
horizontal tangents on the lines Q=o and S+N-—Q=o and vertical tangents 
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on the lines S=o and 1+2S—4Q=o. Referring to Figs. a, b and c, it will 
be seen that in region I both 1+2S—4Q and S+ N—Qare positive. Therefore, 
in this region dQ/dS is positive. In region II, (1+2S—4Q) is negative while 
(S+N-—Q) is positive, so that dQ/dS is negative. In region III, both (1 +2S—4Q) 
and (S+N-—Q) are negative, so that dQ/dS is positive. In region IV, which 
is in the quadrant under consideration only if N<4, (1+2S—4Q) is positive and 
(S+N-—Q) is negative, so that dQ/dS is negative. The gradient changes sign 
on crossing either of the lines 1+2S—4Q=0 or S+N—Q=o. 











Fic. b. N>}. 








Fic.c. N=}. 


The points (0,0); (0,N); (-—2N,}—N); and (—4,0) are singular points. 
The fourth point is not of interest in the present connection, since it does not lie 
in the quadrant S >0, Q >0, and for the same reason the third point is of interest 
only if N <}. 

(i) The point (0,0). The solutions starting from this point are of the form 
OQ~AS* near (0,0). Such a solution starts with a vertical tangent, and for 
increasing S enters region I, in which dQ/dS is positive. Therefore, such a 
solution cannot cross the line Q=0 to leave region I, nor can it cross the line 


21 
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S+N-—Q=0 without first crossing the line 1+2S—4Q=0. Thus either it must 
run to infinity without leaving the region, or it must cross the line 1+ 2S—4Q=0 
with a vertical tangent. In the first case the general solution behaves like 
Q=BS'*+O(1) for large S. For N>} there is a particular solution which 
behaves like Q=S/3+O(1) for large S. This special solution is the Emden 
function Q,(S; N). It separates the solutions which do not cross the line 
1+2S—4Q=o0 from those that do. For N< } there are no solutions springing 
from (0, 0) that cross the line 1+2S—4Q=o0. 

For N>} the solutions crossing the line 1+2S—4Q=o0 enter region II in 
which dQ/dS is negative and cross the line S+N—Q=o with a horizontal 
tangent. For N>} the solutions run to the point (0, N) while for N<} they 
spiral to the point (}-—2N,4—N). 

(ii) The point (o,N). For N>} there is an infinity of solutions springing 
from this point, in the neighbourhood of which Q behaves like N+ AS*/*#¥—!, 
A solution that enters region II b therefore starts with a vertical tangent and has 
negative gradient. ‘There is a point of inflexion in region IIb and the solution 
crosses into region Ib with a vertical tangent and runs to (0,0). A solution 
entering IIIb also starts with a vertical tangent, but has dQ/dS positive. It 
crosses the line S+N—Q=o and then the line 1+2S—4Q=o0 and runs to the 
point (0, 0). 

There is also a particular solution, analytic at (0, N) which behaves like 
N—NS/|(3N-—1) in the neighbourhood of the point. It also runs to (0, 0). 

For N=} there is an infinity of solutions springing from (0,4), in the 
neighbourhood of which Q behaves like N—Slog AS. Such a solution starts 
with a vertical tangent and must enter region III b (since log AS is essentially 
negative for small S). It then runs to the point (0, 0). 

For }<N<{} there is an infinity of solutions running to the point (0, NV) 
and in the neighbourhood of this point the solutions behave like 


Q=N+NS/(1-—3N)+0(S). 


These solutions start with a finite positive gradient, enter region II]b and 
continue as above. 

For N=} the points (0, NV), (0, $) and (}-—2N,4—N) coincide. There is a 
single solution running to the point, of the form }+ S+8S?+... in its neighbour- 
hood. ‘The solution therefore starts with the line S+}—Q=o as tangent, 
enters region IIIlc and then crosses the line S+}—Q=o0 with a horizontal 
tangent, eventually running to (0,0). 

For N<j there is only one solution through the point (0,N). In the 
neighbourhood of the point, the solution is Q=N+NS/(1-3N)+0(S). If 
}>N> }, the solution enters region Ia and spirals to the point (}-2N,4—N). 
If N=} the solution is Q= S/3+ 4 and so is the Emden function for N=}. If 
N<} the solution behaves like Q = O(.S"?) at infinity. 

(ii) ‘The point ($-—2N,4—N) for N<}. This is a spiral point. For N=} 
this point has already been discussed. 

4. We have shown in Section 2 that large increases in radius over a main 
sequence star of the same mass are obtained when the solution has S and S+ N—Q 
small together. Since at the surface of a star both the pressure and temperature 
must be negligibly small, S and Q must be very small at the surface and there 
is no loss of accuracy as a result of putting S=Q=o at the surface. We now 
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consider the solutions discussed in Section 3(i) starting from (0,0) and consider 
the limiting case of A infinite. 

If A is sufficiently large, the solution will pass close to the point (0, N). Let us 
consider solutions near this point, putting S=x, Q=N-—y (x and y both small). 
Then 


dy _—_(N-y)(x+) 


dx x(I+2x—4N+4y)° 


Then, if N<}, dy/dx is negative and dQ/dS is positive. If N>}4, dy/dx is 
positive and dQ/dS is negative provided x and y are sufficiently small. 

Since Q is initially less than N it is only the case of y positive that is of interest. 

Thus if N>4, the limiting solution as A tends to infinity runs into the point 
(0,N). But if N<} the limiting solution will pass close to the point (0, N) and 
then follow closely the analytic solution starting from (0, N) and discussed in 
Section 3(ii). That the different form of the solutions for the two cases are to 
be expected can be seen from diagrams a and b. 

It is therefore stars with surface value of N<} and very large A values that 
are of interest. Stars of this type with infinite A values in fact have infinite 
radius and the case is a limiting one, but it is clear that stars of very large radii 
would be obtained by taking very large A values. To illustrate this point we 
consider the limiting case. ‘Taking the model in which N is constant throughout, 
we obtain, as the solution ‘vith infinite radius and finite mass, the polytrope N = }. 
(The well-known Emden polytrope n=5.) This is the only possible solution, 
since for S infinite (i.e. the centre of the star) Q must behave like S/3. 
No other value of N has a solution with this behaviour running from (0, NV). 

This solution, however, is not of great physical interest. It implies a ratio 
of specific heats of $ throughout, which is impossible for matter in the interior 
of stars. Also no known law of radiative transfer would give rise to a constant 
value of N. 

5. In this section it is shown that even when N is not constant, the only 
possible mathematical solutions for homogeneous red giants are ruled out on the 
grounds that the opacity laws which would be necessary mathematically do not 
correspond to the physical laws which are believed to be correct. It is believed 
that at high temperatures (10® to 10’ degrees) the opacity is mainly due to the 
photoelectric effect and varies like p/T**, while at lower temperatures some 
correction tending to reduce the power of p and raise the power of T in this 
expression, is required. (The variation of the guillotine factor.) In order to 
consider a definite mathematical problem, the existence of homogeneous stars of 
infinite radius is first considered and disproved, but it is shown finally that the 
solutions for stars of large but non-infinite radii lie so extremely close to the 
infinite solution that the disproof is applicable to them also. 

If N is not constant, the solutions of equation (3) with N constant are still of 
interest in giving some idea of how the curves run in the (S, Q) plane over a small 
range of S. In particular these solutions give the form of the curves for small S, 

We are considering only models of uniform composition and so by definition 
Q and N and therefore dQ/dS must be continuous. ‘Thus models with electron 
opacity or Kramers opacity throughout the radiative region cannot give 
extensions of radii, since the only solutions which fit on smoothly to a convective 
core are those described in Paper A which correspond to the standard model 

21° 
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or main sequence stars. Nor can they correspond to a star with mixed photo- 
electric and electron opacities, since such models are discussed elsewhere * and 
are shown to have properties lying between the two extreme cases. 

In the inner part of the radiative region it is known that the only possible 
opacity laws are those of photoelectric effect or electron scattering, or some 
combination of them. Therefore on physical grounds the only remaining 
possibility of obtaining large radii for homogeneous stars lies in the consideration 
of stars in which the atmosphere has a different opacity law in the exterior from 
that in the interior. The most likely explanation of this fact is that in the inner 
part of the atmosphere the photoelectric law should apply, while in the outer 
part where the temperature is lower a guillotine factor correction should be 
included. 

The photoelectric opacity is dependent on p/T*® and leads to an energy 
transport equation in A-variables t 

SdN S+2-8-5N 
NdS~ 1+2S-—4Q° (4) 

When the guillotine factor is introduced, the dependence of the opacity on 

the density and temperature can be expressed as 
— 
Tea—a)—3? 


where «, 8 depend on the composition and state of the material. We shall not 
consider in detail the most probable values of « and f on physical grounds, 
except to indicate their extreme values, and will concentrate on which values 
give rise to large radii. 

With the opacity depending on p and T as above, the energy transport 
equation is 

SdN _ S+f(a—N) 
NdS~ 1+2S—4Q° (5) 

If we consider solutions of equations (3) and (5) f in the (S, Q) plane, there 
is an infinity of solutions starting from the origin and Q behaves like AS* for 
small S, as in the constant N case. ‘The surface value of N is a. 

The limiting solution with A infinite will run along S=o as far as O=a. 
At the point (0,«), N is still equal to «, since dN/dQ=0 when N=a and S=o. 
Thus the solution starts similarly to that discussed at the beginning of Section 4. 
a can be assumed to be less than }, since for pure Kramers opacity it is 4 and 
the effect of the guillotine factor is to reduce it. 

As is shown in Section 3, when N<} there is only one solution of the 
Emden equation through the point (0, N). When N is not constant, but satisfies 
equation (5), there is again only one solution through (0,«), although the term 
of order S in Q has no longer the same coefficient. We can obtain expansions 
of Q and N in powers of S which are valid for small S, and then continue to 
integrate the solution in the usual way. 

Let us consider a complete solution in which « and f for the outer part of the 
atmosphere are given. ‘To give some idea of the possible values of «, it should 
be remarked that all physical theories indicate that the opacity must be an 
increasing function of p and a decreasing function of JT. Hence if « is small, 

* C. M. Bondi, M.N., 109, 571, 1949. 


+ Paper A, equation (11). 
} These equations are considered more fully in the appendix. 
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B must be large, since the opacity varies like p*-'. The opacity also varies like 
1/T*-e-8, so that the opacity is in fact a function of p/T*#0-#-3il-1), Tt seems 
likely that the power of T in this expression should not be too great (in the 
ordinary Kramers opacity law it is 3-5) and so we can assume that for any 
physically possible law«>o-1. As an example, if the opacity varies like p**/T*, 
then « =0-2, while B =8-75. 

We shall consider separately the three parts of the solution in the (S, Q) plane. 
Part (c) is the Emden solution for the convective core with n=1-5 (i.e. N=0-4), 
part (b) is one of the single infinity of non-intersecting solutions with Kramers 
opacity which fit smoothly on to the Emden solution, and part (a) is the 
guillotine factor solution. Only one of solutions (5) will fit smoothly on to the 
solution (a) for the assumed « and 8. One particular solution (6) is the standard 
Kramers solution running to the point (0,0). This will be referred to as the 
standard solution. The others are automatically divided into two classes, 
those lying above the standard and those lying below it. Those lying above it 
eventually spiral to the point S=}, Q=}, where N=o. WN decreases all the time 
along these curves. ‘Those below it have a vertical tangent where N goes to 
infinity and then run with S increasing and are asymptotically equal to Q=o. 
Solutions (6) can be characterized by the point at which they leave the Emden 
solution (c). 

In fact, as will be shown later, only those solutions (6) which leave solution (c) 
above the standard (i.e. with S>2-12) are of interest and we shall consider only 
these. Let us consider two such solutions, one leaving the Emden solution at 
(.S,,Q,) and the other at (.S,,Q,), where S,>S,. Now since at the point of fit 
of solutions (6) and (c), N is continuous, the two solutions (6) and (c) must fit 
together smoothly. Since the Emden solution for S>2-12 is almost linear, 
Q varying like S/3, this implies that provided (S,, Q,) and (S,, Q,) are not very 
far apart, the solution () leaving at (.S,,Q,) must pass close to and slightly above 
the point (.S,,Q,). Thus, in particular, the solution (6) leaving the Emden at 
(S,,Q,) passes near to the point (2:12,0-82) where the standard solution leaves. 
the Emden. 

It can be seen from the Kramers equations that the rate of change with S 
of NQ®® is a function of S and QO only. As the solution (4) proceeds from the 
Emden in the direction of S decreasing, N remains close to the standard N and 
then diverges rapidly from the standard values, while Q only does so slowly and 
then only in consequence of the divergence of N. Thus until QO has diverged 
from the standard, NQ** is very close to the standard value. 

Let us consider now solution (a). It is impossible for N to drop below the 
value « which it takes at the surface. For, if we consider equation (5), we have 
that dS and (1+2S—4Q) have the same sign (from equation (3)), S and N are 
positive and so dN and «—N+5S/8 have the same sign. Hence, when N is 
increasing, N<a+.S/8, and when N is decreasing, N>S/B+a. Now again, 
since S is positive, this gives the result that on any solution (a), N is always at least 
as great as «. 

At the point of fit of solutions (a) and (b), N isto be continuous. Therefore, 
at this point the value of NV on (b) must be at least equal to « and we have taken 
for the minimum possible of « the value 0-1. 

Therefore, from the previous argument, since V,,0%;° (where suffix ab refers 
to the point of fit of solutions a and &) is very close te the standard value on 
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solution (6), at the point of fit, Q,, must be close to the standard value for the 
same value of S and in fact differs from it by a factor at most (10V,,)"*°. 

Also, on solution (a) by an argument similar to that for N, Q never drops 
below «. Hence Q,, must be greater than or equal to « and hence by our 
assumption for « cannot be below ort. 

It now becomes of interest to examine the standard solution at Q=o-1. For 
this is the lowest possible value of Q at which a fit on to solution (a) can take place, 
and as we have shown, the actual solution at this point cannot be far from the 
standard, differing from it by a factor (10 ,,)"** at most. 

At Q=o-1 the standard solution (6) has S approximately 0-03 and T/T, is 
equal to approximately 0-2. 7/T, is obtained from the quadrature 

“ r 
logT/T=| = _< 
), Sa+25—40) 

Over a short range of S the value of N in (bd) will be less than that in the 
standard solution, while 1 + 2S — 40 is very close to the standard. (‘The standard 
solution is nowhere near the line 1+2S—4Q=0.) Hence the value of the integral 
is slightly less than the value of the corresponding integral for the standard 
solution. Hence T/T, is slightly greater than the standard value. It is found 
below that it is necessary only to use the fact that 7/7, at Q=o-1 is not less 
than 0-2, so that no further quantitative investigation of the value of T/T, is 
required. 





It is known that the central temperatures of stars cannot differ very much 
from each other. Thus taking the central temperature as that of the Sun, 
i.e. 2 x 10’ degrees, we have shown that if a star of uniform composition can have 
a very large radius, the guillotine factor must apply at a point in the star where 
the temperature is at least equal to 4 x 10° degrees. On physical grounds this 
can be ruled out, so that this would seem to be a disproof of the existence of stars 
of very large radii with uniform composition, at least so far as Kramers opacity 
interiors are concerned. 

A few general considerations show that stars with electron opacity interiors 
lead to similar contradictions. For if one follows electron opacity solutions 
outwards, a temperature must eventually be reached at which Kramers opacity 
is important and this must of course occur before the guillotine factor becomes 
dominant. Now in an earlier paper* some models with mixed opacity have 
been integrated and it is shown that the mixed solutions have properties lying 
in between those of the pure Kramers and pure electron opacity solutions. 
On the pure electron opacity solution Q is 0-1 at S=o-04 and this corresponds 
to a value of T/T, of 0-196. Hence the value of 7/T, at the inner boundary 
of the guillotine factor solution is only very slightly affected by the introduction 
of a mixed opacity law and the same considerations apply as before. 

Integrations show that an order of magnitude solution can be given for a 
large but non-infinite star. If (.S,Q) denotes a point on such a solution, (S, Q*) 
the point on a standard (main sequence) solution for the same S value and (S, Q’) 
the point on the solution starting from (0, N,) for the same value of S, the extension 
of the large radius solution over the standard solution is of the order of 

hee “9 
| Be ' I 


* C. M. Bondi, M.N., 109, 571, 1949. 
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where S is taken at the point where the large radius solution has its inflexion. 
This shows how very close a solution giving, say, an extension of 50 to 100 must 
be to the infinite radius solution. Since it is impossible, by a considerable 
margin, to fit the infinite (a) solution on to a (b) solution, this shows that it is 
also impossible to fit a large radius (a) solution on to a (d) solution. 


APPENDIX 


Solutions (a) have not been considered elsewhere and so form the subject 
of a short discussion. 


‘TABLES 
a=o'1, B=or1 a=o'1, B=1 








Q N S QO 


orl ° orl 
0*1082 
o'1162 
0°1316 
0°1877 
0°2373 


























a=o'1, B=10 
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orl 
O°1075 
O°1147 
0°1284 
0°1765 
0°2170 
































a=o'15, B=1 








QO N Ss O N 








° O15 "15 
0°05 0°1654 "1564 
o'10 0*1809 “1627 
0'20 O'2121 *1748 
0°40 0°2751 "1978 
1*0O 04688 ‘2614 
2°00 o°8117 +3607 
2°60 1°0330 0°4190 
































In the neighbourhood of the point S=o, Q=a, QO and N can be expressed 
as a series of powers of S. To second order, 


O=a+a,S+a,S*%, N=«2+b,S+5,S?, 
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s a(I—3a+aP) he a 
(1-3a)(I—4a+aB)’ + I=4a+ap’ 

eas a(10a28 — 240% — 208 + 10% — 1) 

2” (1—3)(1 — 4a + a8)*(2 — 8a +08)’ 





a 





Ja 2—7a , 





a 


Using these expressions and then integrating step by step, a number of 
integrations were obtained for «=0-1, 0-14 and 0-15. Those for «=0-I were 
continued as far as S=1. Those for «=0-14 and 0-15 were continued until 
N=0°4. 

It is of interest to note that if the guillotine opacity solution were to fit 
directly on to the core (that is with no intermediate solution (5)), the condition 
that 8 >o gives at once the restriction on a, 0-I3I <a<}. 


Newnham College, 
Cambridge : 
1950 April 29. 





MODELS FOR RED GIANT STARS 


II. MopELs wiItTH A CHEMICAL INHOMOGENEITY AND OPACITY DUE TO 
PHOTOELECTRIC EFFECT 


C. M. Bondi and H. Bondi 
(Received 1950 May 4) 


Summary 


This paper presents a complete survey of the range of models that can 
be constructed using the opacity law x~p*®T-*® and possessing a single 
chemical discontinuity. It is shown that for physically possible changes of 
molecular weight, large and even theoretically infinite radii are possible 
with only a moderate proportion of the whole mass in the outer envelope. 
The whole system of models is surveyed and mapped diagrammatically in 
homology-invariant variables, thereby showing the ranges of the various 
parameters important to the red giant problem. The solutions recently given 
by Li Hen and Schwarzschild, while numerically correct, are shown to be 
unrepresentatively distributed and confined to the less interesting part of the 
diagram. The outer regions of stars of large radii are further considered, and 
it is concluded that breakdown of the opacity law is likely to set a physical 
upper limit to the actual radii of red giant stars. 





I. It was shown by Hoyle and Lyttleton in 1942 (1) that the large radii of 
red giant stars were likely to be due to the outer region of the star having lower 


molecular weight than the inner region. ‘The mathematical difficulties standing 
in the way of a complete survey of the consequences of this hypothesis are very 
considerable, and these authors, in their initial paper, were content to show that 
in certain circumstances very large radii could result. In amore recent paper (2) 
they have carried the investigation a great deal further, considering the cases 
both of photoelectric effect and of electron opacity. Another recent paper 
by Li Hen and Schwarzschild (3) considers the case of photoelectric effect 
(Kramers’ opacity), slightly modified to allow for the variation of the guillotine 
factor, but claims to establish that only moderate extensions of radius can occur. 
It is the purpose of the present paper to carry out a complete survey of the 
problem by means of the technique developed in a previous paper (4) and 
first applied to the red giant problem in another paper (§). It will be shown 
that, adopting the same law of opacity as Li Hen and Schwarzschild, a 
sufficiently large, but physically entirely possible, change in composition can 
lead to an infinite extension of radius and that even for smaller changes in 
composition large radii will occur. ‘The contrary conclusion reached by Li Hen 
and Schwarzschild is shown to be incorrect; it is also shown that these authors 
have been led to it as a result of inferences drawn from the unrepresentative set 
of integrations performed by them. The mathematical agreement between their 
models and our survey is satisfactory, but the selection of their models was 
unfortunately restricted to a comparatively uninteresting set of cases. In our 
view only some such method as is used in the present paper can lead to a complete 
survey of the problem and so establish what a truly representative range of 
models is. 








288 C. M. Bondi and H. Bondi Vol. 110 


2. It was shown in a previous paper (§) that no physically plausible variation 
of the law of opacity could lead to a homogeneous star of large radius with nuclear 
generation ofenergy. The next simplest model is a star with a single discontinuity 
of composition, the surface of discontinuity being a sphere of radius r, concentric 
with the star. This is the model proposed by Hoyle and Lyttleton (1). 
Physically a star closely represented by this model is likely to arise when a star 
that has converted a substantial fraction of its hydrogen into helium then accretes 
appreciable amounts of interstellar matter mainly composed of hydrogen. The 
proportion by mass of elements other than hydrogen and helium is unaffected 
by the thermonuclear processes taking place near the centre and may therefore 
be taken to be the same in the interior as in the envelope; this proportion will, 
as usual, be denoted by Z and is probably of the order of I percent. The helium 
abundance by mass Y in interstellar material is negligibly small, but in the stellar 
interior may have any value up to the extreme one of 1 — Z if all the hydrogen X 
has been converted into helium. 

In this paper we shall neglect radiation pressure. The opacity law considered 
will be Kramers’ law modified to take some account of the variation of guillotine 
factor as adopted by Li Hen and Schwarzschild. 

Hence 


xe ace ETFS, =KogZ(I +.X)°%5, Koo>= 10” c.g.s. units. (1) 
The energy transport aa in physical (p-) variables is therefore * 

-. oe (2) 

dr —- tomac r*T 85" e 

At the interface r=r, the variables P, T, M and L, and hence S = 47Pr*/G M?, 
must all be continuous. It follows that pj and Z-'y-'7%(1+X)°* dT) dr are 
continuous. ‘The values of the discontinuous variables p, Q=Pr/GMp and 
N=1-—dlogp/dlog P just outside and just inside the interface will be denoted 
by the suffixes e, 7 respectively. Similarly the values of X, Y, Z and yw in the 


exterior and interior will be distinguished by the suffixes e, 7 respectively. 
Then 


Pre_Me  Qre_ bi Ree = Fe[ nde ph 


Poa Mi Qo; ve He’ No u(I + X;) (3) 


These conditions are equivalent to those used by Li Hen and Schwarzschild. 
The last condition applies only if the equilibrium is radiative on both sides of 
the interface, as is usually the case. Also, in common with those authors, it will 
be assumed that the energy generation is confined to the central convective core 
which must of necessity exist. 

The star may conveniently be divided into three zones as follows, beginning 
at the surface r=r,:— 

(a) r,2>r>rg: an envelope of composition (X,, Y,, Z,; u,). This envelope 
will be found to be in radiative equilibrium. (In a small and unimportant 
class of models a minor part of it may be convective.) 

(6) rz2r>r,: an intermediate zone of composition (X;, Y;, Z;; ,;) in 
radiative equilibrium. 

(c) ry >r>0: 


an inner convective core having the same composition as 
zone (b). 


* The notation and the fundamental equations are taken from (4). 
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Since zone (c) always exists, the range of cases arising depends on the relative 
extents of zones (a) and (b). In the usual case the boundary between (a) and (6) 
will be between two zones in radiative equilibrium. If, as is to be expected, 
Le<wp,; the interface is stable, the lighter material overlying the heavier one. The 
discontinuity will thus be sharp. If zone (a) becomes vanishingly small the 
star is homogeneous, and the solution in this case will be referred to as the 
standard solution. 

3. The solution in the convective core (c) is well known, being given by the 
Emden function 


Q=Q,(S; 0-4), N =0-4. (4) 


The solution in zone (5) must satisfy the hydrostatic equation 


we - € Stee (5) 
dS” S1+2S—4Q’ 


and the energy transport equation which, with the opacity law here assumed 
(cf. (4), Part I, equation (27)), takes the form 


dN _N S+1-75-8:25N 6 
dS S 1+2S-40 (0) 


Only a one-parameter family of the solutions of the second order system (5, 6) 
is of interest in zone (b). For, since at S=.S, no change of composition occurs, 
all the variables must be continuous, and hence only those solutions of (5) and (6) 
that join smoothly on to (4) at S=S, need be considered, and these solutions 
need only be investigated for r>r,, which in fact implies S<S,. The value 
of S, may be taken as the parameter specifying the members of the family. One 
member of the family with parameter S, =.S* is the standard solution 


Q=Q*(S) N=N*S) (7) 
which runs to the surface S=Q=0, N=4. 

It is a crucial property of this family of solutions that if at any point S=S, 
the difference N — N* is of the same order of magnitude as N*, then at that point 
and for all S>S,, Q is very close to Q*. Hence Q=Q*(S) gives a good 
approximation to all members of the family whose values of N(S) do not differ 
by a large factor from N*(S). An outline of a proof of this vital property is as 


follows :— 





It can be seen by an analytic consideration of small variations of the solutions 
of (5) and (6) that, in the neighbourhood of the standard solution, as S decreases, 
(6) is highly unstable, but (5) is moderately stable. Hence if a member of the 
family lying very close to the standard solution near S = Sf is followed towards 
lower values of S then, once N begins to deviate appreciably from N* it will 
rapidly depart substantially (such behaviour may be termed “slicing off”’). 
On the other hand, owing to the stability of (5), Q will stay close to Q* until the 
departure of N from N* so alters the right-hand side of (5) that dQ/dS deviates 
markedly from its standard values. It is only when the effects of the differences 
between the actual and the standard values of dO/dS have accumulated over an 
appreciable range of S that Q will depart significantly from its standard values. 
Hence by the time N differs from N* by any number smaller than N*, Q will 
still be close to Q*. 
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A higher approximation is easily found. Consider 





d sini _ 9°:25S—8-250+1°75 
as 08 NO) = S(1+2S—4Q) 


Since the right-hand side of this equation does not contain N, the values 
of NQ*® will only depart appreciably from its standard values when Q has 
deviated markedly for a significant range of S. Therefore NQ**® will retain 
its standard values even better than Q and much better than N. The equation 


NQ*?5 = Neg (8) 


can be shown, by rough computation of one or two numerical examples, to hold 
within a fraction of one per cent as long as (N— N*) is less than N*. This is all 
the accuracy likely to be required. Hence no integrations (other than for the 
standard model) are required in the intermediate zone (6). Formula (8) takes, in 
our work, the place of all the integrations of Li Hen and Schwarzschild, but 
covers all cases instead of only six. Formula (8) also demonstrates the smallness 
of the deviation of QO from Q*, a fact which Hoyle and Lyttleton (1), (2) have 
implicitly recognized and consistently used in their work. 

4. The solutions in the envelope (a) also form a one-parameter family of 
solutions of (5) and (6) in the (S, Q) plane, since they must all run to the surface 


S=0,Q=0, N=. Near the surface these solutions are given approximately by 


QO = AS7'3 + O(.S143), N =5+ O(S) as So, (9) 


where A is a constant, which we may make use of to label the members of the 
family. ‘This family and the one mentioned in the preceding section have only 
one member in common, namely the standard solution (7) for which A = A*. 
The solutions of interest for the present problem are only those for which A > A*. 

The general behaviour of these solutions is perhaps best understood by 
considering first a non-member of the family, the special solution F discussed 
in a previous paper (5). This is the unique solution that starts at S=o, Q=3 


‘ 


with N=. In the neighbourhood of that point 


a ee Ae (10) 
33 1004 33 «251 


The solution then spirals to the point S=3, Q=38 with N=%. All 
members of the family with greater A than a certain value A(A<A*) spiral to 
this same point. If 4 <A the solution runs to infinity. No two members of 
the family intersect and successive turns of the spiral are separated by the curve F. 
The curves fill the entire quadrant of the (S,Q) plane S >0, Q >0 and one and 
only one member of the family passes through any given point of the plane other 


than the points of F. 


The larger A the more steeply the curve rises near the 
origin. 


Since the curves, however, cross neither the Q-axis nor the spiral F 
they all turn sharply right below the spiral, in whose vicinity they afterwards 
remain (cf. Fig. 1). Hence a specific value of N corresponds to each point of 
the plane, namely the value N attains at that point when reached from the origin 
along the unique member of the family passing through the point. Curves of 
constant N can be drawn on a diagram representing all the envelope solutions 
(Fig. 1). It will be seen that the variation of N is slow and smooth. 
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As a solution is followed into the star from the origin, dS/(1+2S—4Q) is 
always positive, and so are N and S. Hence N will be increasing or decreasing 
according as the sign of (S+1-75—8-25N) is positive or negative. It follows 
that N cannot attain any value N,> unless S>8-25N,—1-75. Hence 
convective instability * cannot occur in the envelope for S<1-55, nor, with the 
discontinuity conditions for N to be discussed in Section 4, can such instability 
occur on the outer fringe of the intermediate zone (5) for S less than about 0-9. 
It will be shown later that large radii occur only for fairly small values of S, 
(about 0-1), so that convective instability need not be considered any further in 
this paper. For these low values of S, the value of N hardly differs from its 
surface value and this justifies the assumption of its constancy made by Hoyle 
and Lyttleton (2). 


Q 


| 


0-40 


oltio® 0-23 








0-20 


Fic. 1. 


Solutions. 
Curves of constant N. 
Curves of constant r/r,. 


Just as in the case of N, so also in the cases of (cf. equation (12), Part II of (4)) 


M _ ‘es dS we oo 

M, exp{- J, rn i exp{ - 0 538-0} “ 
a specific value of each ratio may be associated with every point of the plane 
by carrying out the integration from the origin to the point along the unique 
member of the family passing through the point. Hence curves of constant M/M, 
and curves of constant r/r, may be drawn on the diagram representing the envelope 
solutions (Figs. 1, 2). The curves of constant M/M, start on the convex side 
of the spiral F and run to the S-axis, reaching it at the point for which 
({1+2S)12= M/M, (since Q=0 is a member of the family). On the section of 


* Convective instability cannot occur as long as the polytropic index m exceeds 1°5. Since, by 
equation (3) of (§), Part I, N=1/(n+1), it cannot occur for N < 0-4, 
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the Q-axis between the origin and Q=% we have M/M,=1, while for S=o, 
O>d, and on the concave side of the spiral F the value of M/M, vanishes. 

The curves r/r,=const. all start on S=o with Q=7(1—1/r,)/33 and run to 
infinity. On Q=o we have r/r,=1, on the spiral F we have r/r,=o. For low 
values of r/r, the curves of constant 7/r, spiral in a certain way between the turns 
of F and emerge again, running out to infinity. Note that r/r, is a continuous 
function of S and Q, but that M/M, is discontinuous on F. 

In the red giant problem we are chiefly interested in envelopes occupying a 
large part of the radius of the star, but containing only a moderate fraction of its 
mass. It will be seen that such envelopes must terminate with values of S and Q 
corresponding to points near the convex side of F and close to its beginning, 
i.e. close under the early part of the spiral F. This is just the region found to be 
important to the red giant problem in a previous paper (5). 








aes i 


0-2 0-3 





Fic. 2.—Fitting curves. Curves of constant M/ Ms. 


The fitting curves are drawn for Y,.=0, and apply for Z between o and o°1. 


5. In order to construct complete stellar models, the envelope curves have 
to be fitted on to the solutions for the intermediate zone. As shown above 
S, uQ, Zp°7(1 + X)°75/N are each continuous at the interface. In order to arrive 
at definite values for the magnitudes of the jumps of Q and N, the ratios Q,,/Q.; 
and N,,/No; are tabulated below for some cases of interest. As stated before, 
attention has been concentrated on cases where the abundance of elements, other 
than hydrogen and helium, is the same in the interior and in the envelope, so that 
Z,.=Z;. It has also been assumed that there is no helium in the envelope, so that 
Y,=0. This will correspond to the hypothesis that the envelope consists of 
accreted interstellar hydrogen. According to current views on stellar structure, Z 
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is almost certainly less than 10 per cent, and in order to bracket likely cases the 
tabulations have therefore been carried out for Z=o-10 and for the limiting case 
Z=o0. The jumps are found to depend so insensitively on Z that any intermediate 
case can be interpolated with ease. 


TABLE I 


Z,=Z;=0'10 





Qu Nes [Ou(Nu)'*"_Oul y, |Oe 1] Nu [Qu(Ne)"*"_ Oe 
OF , Q2; He Na Ox 


On Bel Noi |Oui\Noi Nx Of 





I I I ° I I I 

1°186 | 0°972 1°182 025 | 1°203 | 0°968 1°198 
1°455 | 0°937 1°444 O50} 510 | O'922 1°495 
1°882 0888 1°856 0°75 | 2°028 | 0848 1988 
2°667 0813 2*601 o'90}] 2°552 0802 2°484 



































The last row in each table gives the limiting case in which X; vanishes. The last column gives 
the jump to the standard solution in second approximation. 


In the envelope the solution will be given by one of the curves described in 
Section 4. At S=S, both Q and N jump in accordance with the tabulated ratios. 
The intermediate solution to which the curve jumps will, as explained above, 
have its Q value close to the Q of the standard solution. Its N value will be 
somewhat larger than the N value of the standard solution, mainly owing to the 
jump in N. The ratio N3/N,; will, however, be a little smaller than N,,/N3;, 


since, owing to the slope of the lines N=const. in the envelope diagram, No, 
slightly exceeds N*. This effect is very small unless S, is fairly large, a case of 
little importance, as will be shown later. For moderate S,, then, N.;/N¥ will be 
between unity and, say, 1-35. By equation (7) this implies that 

I2 4 


Os 7 (135) 18% =0:965. (12) 


This shows how extremely small the error is when Q,,; is taken to lie on the 
standard curve, and how easily account can be taken of this error. 

Now consider a specified change in composition. If the point (.S,, Q,;) were 
on the standard curve, then the locus of points (.S,, Q,,) would lie on a curve that 
would simply be the standard curve scaled up by a factor p;/u,. The small 
correction due to the difference between Q,; and QF can then easily be applied 
if such accuracy is desired. In this way the locus of points (S,,Q,,) may be 
obtained, and will be referred to as the “ fitting curve ’’. 

If now the fitting curve is drawn in on the S—Q diagram for the envelope 
diagram displaying the curves M/M, ( (Fig. 2), then the curve representing the 
stellar model having an assigned fraction of the stellar mass in the envelope is 
easily selected. The intersection of the fitting curve and the desired 
M,/M,=const. curve gives the point (S,,Q,,). The values of A, N,, and of r,/r, 
may immediately be read off on the diagrams, and the curve representing the 
outer part of the star is found. The jump conditions give Q,; and N,;. The 
intermediate curve can then be constructed, if such accuracy is required, but for 
most purposes it will be sufficient to follow the standard curve. In particular 
the values of M/M, and r/r, on the standard curve at the point (S,, Q3) are of 
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interest. The ratio (M%/M*)/(M,/M,)=M,/M® is the ratio of the mass of 
the model under consideration to the mass of a homogeneous star of the same 
central temperature, central density and central composition. Similarly 
(rf /r*)/(ro/r,)=r,/r% is the ratio of the corresponding radii. The complete 
run of the p-variables can be found in the usual way by quadratures. 

6. The nature of the stellar models derived in this way depends critically 
on whether the fitting curve intersects the spiral F or not. It is clear that with a 
sufficiently large ratio Q,,/Q.,; the fitting curve will intersect the spiral F, but the 
important question is whether such large ratios are physically possible. The 
minimum necessary value of Q,,/Q.,;, by what has been said, will be very close to 
the minimum ratio of the Q values of the spiral F and the standard solution (for 
the same value of S). ‘Tables of the spiral and the standard solution are given 
at the end of the paper, ‘Table II (i) and (ii). It is found that, with the opacity 
law here assumed, the minimum ratio is just under 2. Applying the required 
small correction for the difference between Q* and Q,,;, the minimum ratio of 
QO.,/QOo;=;/@- for the fitting curve to intersect the spiral F is 2-00.* It will be 
seen that such a ratio is entirely possible, though it corresponds to a rather high 
helium abundance (about 80 per cent) in the central regions of the star. Consider 
then the fitting curve for a change in composition corresponding to a ratio 
j/@e>2-00. If the envelope contains only a small fraction of the mass of the 
star, the jump will occur for rather small values of S and Q. Owing to the small 
slope of the curves r/r,=const. the value of r,/r, will be appreciably smaller 
than 73/r*, and so the radius of the star will be appreciably greater than that of 
the standard model with the same T., p,, u,. The steepness of the M/M,=const. 
curves in this part of the diagram ensures that the increase in mass is only small. 
If models with higher fractions of the masses in the envelope are considered, the 
jump point (.S,, Q,,) will move closer and closer to the point where the fitting curve 
intersects the spiral F, and will reach it for a definite finite value of M/M, which 
will be denoted by v. But the values of r,/r, decrease to zero as the spiral is 
approached. Hence, although the mass in the envelope is finite, the radial extension 
of the envelope tends to infinity. Accordingly, arbitrarily large stellar models can 
be constructed by allowing the fraction of mass in the envelope to approach the 
critical value v. The limiting case is a star of infinite radius but finite mass. The 
question of the luminosity of the star and the possible physical limitation of the 
mathematically infinite extent will be examined later. 

Up to this point M/M, has been a monotonically decreasing function of the 
distance from the origin as the point (S,,Q,,) moved along the fitting curve. 
But as the fitting curve crosses the spiral F the ratio M/M, drops discontinuously 
to zero and then begins to rise again. Its detailed behaviour depends on the 
number of turns of the spiral intersected by the fitting curve, but it seems highly 
probable (though this point has not been rigorously established) that M/M, 
attains nowhere on the fitting curve values in a range the upper bound of which 
is v, and it is certain that such values are not attained in the neighbourhood of 
the point where the fitting curve first intersects the spiral F. It follows, therefore, 
that as the mass of the envelope is increased above the value leading to an infinite 
radius, no continuous development is possible. What the next stage is in the 
development of such a star forms a question of great interest. The non- 
existence of a neighbouring steady state for the models here considered implies 


* Provided Z is very small. For Z=o-10 the ratio is 1°99. 
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either that mixing currents will be set up destroying the chemical inhomogeneity 
or that the star cannot exist in a steady state, i.e. that it will oscillate. In view of 
the low values of N it is difficult to imagine any mechanism leading to such 
mixing currents. The second possibility (pulsation) therefore seems to be much 
more likely, and it is most attractive to identify such pulsating stars with the 
Cepheid variables. 

Whether this peculiar instability to excess mass in the envelope is of practical 
importance depends on the question of the applicability of the opacity law here 
assumed (or a sufficiently similar one) and on the occurrence of sufficiently high 
concentrations of helium in the interior. The minimum helium abundance 
leading to such an instability depends critically on the opacity law. Roughly 
speaking, the lower the power of p and the higher the power of T in the opacity 
formula, the lower the minimum value of Y;. For the opacity law here assumed 
Y; has to be at least 0-80 (for Z =0) or 0-725 (for Z=0-1). The mass in the envelope 
is then 0-386 of the mass of the star for this minimum value of Y; when the infinite 
extension is reached, but only 0-07 of the mass for Y;=0-96 (Z=0) or 0-go 
(Z =o-I0). 

We consider now values of ,.,;/u, that are sufficiently small for the fitting curve 
not to intersect the spiral F. In these cases M/M, decreases monotonically without 
limit along the fitting curve. The values of r/r,, however, first drop sharply as 
the point (S,, Q.,) moves from the origin along the fitting curve to the region of 
its closest approach to the spiral F. As soon as the point of closest approach to F 
has been passed, the value of r/r, begins to rise again, or at least its drop is 
sufficiently slow to be counterbalanced by the drop in r/r¥ along corresponding 
points of the standard solution. It follows therefore that as the fraction of the 
total mass in the envelope is increased from zero, the radius of the star increases 
greatly, reaching a maximum for a fraction corresponding roughly to the closest 
approach of the fitting curve to F, and thereafter drops again as further mass is 
added to the envelope. Extremely large radii are therefore associated only with 
models having a certain moderate fraction of the total mass in the envelope. If 
more is added (the “‘ redundant masses ” as they have been termed by Hoyle and 
Lyttleton (2)), the star shrinks again to a more normal size. 

As the mass in the envelope is increased still further, N,, rises more and more 
and, for sufficiently large mass-ratios 1— M,/M,, this may lead to the onset of 
convective instabilities either in the envelope or (through its effect on N,,) in the 
interior. This development is of considerable interest to the theory of stellar 
evolution, but (since the radii are of more or less normal size) not to the actual 
red giant problem. 

7. So far in our discussion we have compared stars of the same central 
densities, temperatures and compositions. ‘This is theoretically the simplest 
approach, but the observationally important characteristics of a star are its mass 
M,, radius r, and its luminosity Z. Before conclusions of real significance can be 
drawn it is therefore necessary to translate to these variables. An exact approach 
of this kind would be rather complicated, since the law of energy generation would 
be required to link the luminosity with the central temperature and the central 
density, and the functions concerned are rather involved. They do, however, 
have the vital property of making the luminosity depend extremely sensitively on 
the central temperature and rather insensitively on the density and composition. 
Accordingly it is permissible, as a first approximation, to treat the central 

22 








2096 C. M. Bondi and H. Bondi Vol. 110 


temperature as a given constant and to carry out higher approximation afterwards, 
if required. Since T, is known to vary by less than a factor 5, whereas 
variations in radius of factors of 100 or more are under investigation, this 
approximation seems to be permissible. Other writers, in particular Li Hen and 
Schwarzschild (3), have adopted it. 

The ratio of the thermal energy per unit mass at the centre of the star to the 
gravitational potential energy at the surface furnishes a pure number (homology 
invariant) connecting the mass, radius and central temperature. This invariant 


will be called D, so that 
_ f&t, ( r. 
ai ( Mi \ciz,): (13) 


It forms, therefore, a convenient quantity to measure the radial variations of 
different models. The expression for this invariant in A-variables is 
Ss = 
asi ntaes iS tie | se 
Jo S(1+2S-—4Q) Sq S(1+2S—4Q) 
where the point (S,,Q,) is an arbitrary point on the curve representing the 
particular model. It is easily proved by differentiation that D is independent of 
the choice of (S,,Q,). For our purposes it will be convenient to choose 
(S,,Q,) =(S2, Qa). (Note that if (S,,Q,) had been chosen to lie outside the 
discontinuity of p, the jump in p would have led to an appropriate infinity in N 
under the last integral in (14).) If.expression (14) for D for one of the inhomo- 
geneous models is compared with that for the standard model, then, since 
== O*(S,) and since N— N* rapidly approaches zero as S increases from S,, 
only the first term in (14) can lead to any appreciable change in D. The ratio D/D* 





log D = 


may therefore be investigated without great difficulty. This important ratio 
will be called the extension factor and will be denoted by E. It is the ratio of the 
radius of any model to the radius of a homogeneous star of the same mass, central 
temperature and central composition. If it is desired to compare the extended 
model with a main sequence star of the same mass and central temperature, E must 
be multiplied by My) Me- 

From what has been said it follows that 





“Ss = 7S, * 
log E= | ws S| A 
Jo S(1+2S—4Q) 9 S(1+2S—4Q*) 
_ {* _ = Orya—28)ds - 
Jo S(t+2S—4Q)(1+2S—40*)’ 

Consideration of the sign of the factors in the last integral shows that as the 
discontinuity 1s moved farther into the star along any particular member of the 
envelope family, E increases if and only if S<o-5, but decreases for S>0-5. 
(It has been assumed that »;>y,.) It follows that no larger values of E can occur 
to the right of S=o-5 than occur on its left. 

In practice, E is most easily calculated by comparing the ratio Mr,/M,r for 
the point (.S,, Q.,) with the corresponding ratio for the standard solution at S = S,. 
To each point (S,, Q.,) there corresponds therefore one value of E. Curves of 
constant EF can hence be drawn on the envelope diagram and are shown in Fig. 3. 
On the spiral F we have E= c, on the standard solution E=1. For any given 
ratio ;/u, and any given ratio M,/ M, the corresponding value of E may be read off 
the diagram by drawing the fitting curve obtained with fair accuracy by scaling 
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up the standard curve by the factor y;/u,. The E value at the point where this 
curve intersects the curve representing the given ratio M,/M, is the extension 
factor for the model in question. 

It will be seen that for any given ratio y,;/u,, as M,/M, decreases from unity, 
either E rises from unity to infinity, and then the model breaks down, or E rises 
from unity to a maximum and then diminishes again. The first alternative 
arises if j.,/4,>2-00, the second if y;/u,<2-00. Curves of E against M,/M, are 
given in Fig. 4 for a number of representative values of y;/u,. It will be seen that 
if 4;/u, is less than about 1-8 the maximum extension is only moderate. The 
representative points of the 15 solutions given in Li Hen and Schwarzschild’s 
paper (3) are marked in on Fig. 3. It will be seen that in spite of the extensive 
calculations, the vital region of high E values has been missed, whereas the 
approximate analytical methods of Hoyle and Lyttleton (1), (2) correctly arrive 
at the existence of such a region. 


0-5 r 








0-3 
Fic. 3.—Curves af constant M/M,. Curves of constant E. 
The numbered dots represent the 15 models of Li Hen and Schwarzschild. 


8. The foregoing section deals with the relations between mass and radius, 
but the luminosity has yet to be considered. For the present opacity law 
(cf. (4), Part I, equation (28)) 


as * sl RNS ?% 2°75 3koL yi 25 é 
Fe WG 4m 4ac )\M*7%}° (16) 


This equation applies at every point, and in particular when applied at the surface 
leads to the usual mass-luminosity-radius relation which here takes the form 


x gees — (4 \'*(1\? ( 300 \ (Lre™\ _ 
b=) CY Ca) a)-ewemeto 
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In the greatly extended models r, is very much greater than usual, but so is A. 
In order to obtain a clearer picture of the mass-luminosity relation, it is desirable 
to eliminate 7, between (13) and (17). This leads to a mass-luminosity-central 
temperature relation 


2 (ts) es ( R ,. I 3Koe L 


uG 


33 DY \ uy, (4) 4ac T}8M$*" (78) 
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Fic. 4.—Vertical scale: 1—E~1 2, 


It is seen from this that in a homologous series of stars of the same central 
temperature, L is proportional to M#*. For practical purposes it is however 
useful to follow a somewhat different procedure. It can be shown that at an 
arbitrary point M and r are related to T, by 
RT, r * NdS 
—_~— =] owe I 
uw; GM ogQ+) S(+2S—40) (9) 
(Equation (19) may be regarded as a generalization of (14).) Relation (16) is 
now applied just inside the interface and combined with (19). Then 
N2,O3" ‘ag NdS 13s 
pak’ ake eis cc: awe 
sy” "62s J 5, S(1+2S—4Q) 


Mie: RR \S% I os L 
-[(Z) Gare | pa- (20) 


It should be observed that the left-hand side of (20) is almost the same whether 
we consider an extended model or the standard solution. Similarly the 
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expression in square brackets on the right-hand side is almost the same. Hence 
LT>'*M,;*°® is practically the same whether an extended envelope or a 
homogeneous continuation of the interior is fitted on at the boundary. Assuming 
the central temperatures to be the same, it follows that 


where L* is the luminosity of a homogeneous star of the same mass, and M,/ M,, 
My /M*# are the M/M, ratios for the extended and homogeneous cases 
respectively. 

If as an example we consider the star of infinite radius that arises for 
H;/@,e=2'2 with Q,, on the F spiral at S,=0-05, Q.,=0°2449, then since the 
M/M, value at this point of the F spiral is 0-679 but equals 0-923 at the corre- 
sponding point (S=0-05, Q =0-1261) of the standard solution, the luminosity of 
such a star will be 

L = L*(0-679/0-923)** =0-226L*, (22) 
i.e. it is 0°226 of the luminosity of a homogeneous star of the same central 
temperature and composition and of the same mass. 

It may be mentioned that both rule (21) and equation (17) show, as is to be 
expected, that an extremely thin envelope does not affect the luminosity. In the 
case of rule (21) this is obvious, but in the case of equation (17) the argument is 
somewhat intricate and may be regarded as an interesting confirmation of the 
approximate equation (8). For, a thin layer will leave r, and M, effectively 
unaltered, but will change x, x) and A. Since close to the origin Q+AS", the 
change in A will be simply Q,,/0*. The change in xyyu~° is 

we N*/ we Noi= O30 N*/ O30? Nay. (23) 

The change in A**5 will therefore exactly compensate the change in x u~75 
provided 

Qs N* = 09 Ny. (8’) 

It can be shown that the terms neglected in (8) are not merely small but 
actually tend to zero if, with the ratio N/N* fixed, S is made to tend to zero. 
Therefore (8’) is exactly satisfied at the surface and hence a very thin layer does 
not alter the luminosity. 

Alternatively this last fact may be considered to be physically obvious and 
then (8’) can be taken to prove that (8) is exactly satisfied in the limit So. 

g. As a final point we consider, supposing the opacity law to remain valid 
right up to the surface, what would appear to be the actual physical extent of a 
mathematically infinite (or very large) star. 

The observed surface will be not the sphere on which p=o but the sphere 
from which light reaching us originates on the average. Hence if r; is the radius 
of this sphere, 


| xpdr =1. (24) 
¥ 


Hence Ko| pi 57-5 dr =I, (25) 
vi 


In the outer region of the star N=, so that 
p~T8?, 
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Also for most of the range Q and M are nearly constant, so that 7~1/r. Hence (25) 
can be integrated giving eine 

Kopp TF Sy = 2. (26) 
On the other hand, 4nac Tr? = L. (27) 


Finally, it follows from the equation of radiative equilibrium that 


N me 3koL R pp? : 
16macuG/ M;T}* 





(28) 


Near the surface NZ and M,= M,. 
Combining (26) and (28), 


3L& 2. 
16macuG M, 17T} 


; 
33 


Eliminating r between (27) and (29), 


2.3.8 252 
33 4uGM,T;\4nac} ~ 
This gives for the effective temperature of a very large star 


Mo ( L \!2 
T; = ™, (z) Io deg. K. 


This result is so absurdly low compared with observed values that it shows that 
the actual limitation must almost certainly be due to a breakdown of the opacity 


formula rather than to the process discussed here. A more significant result is 
obtained if it is assumed that the opacity drops to zero below a certain temperature, 


say 2000 deg. Then the effective radius is obtained from the fact that in the 


outer regions of an infinite starQ= 4. Hence 


AT 7 


GM 33° 
With T,=2000 deg., . =} this gives 


This result assigns a radius of fairly reasonable size to an “ infinite ”’ star, 

10. In order to interpret the results completely in terms of the theory of 
stellar evolution it is essential to separate those points of the results which are due 
to the particular choice of opacity law from those which have some wider 
significance. It is therefore highly desirable to investigate the same problem, 
assuming a different opacity law. 

Opacity due to electron scattering is independent of p and T, and, together 
with the opacity considered in this paper, is the chief source of opacity in stars. 
The actual opacity law in any star will be due to some combination of these two 
effects. We hope to publish shortly an account of an investigation for the case of 
electron opacity similar to that described in this paper. The results for the two 
cases may then be expected to bracket the results for the complex opacity law 


applicable in an actual star, and a more complete view of the problem will then be 
available. 
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11. Conversion of the features of the 15 models of Li Hen and Schwarzschild to 
the terms used in this paper. 

(i) The envelope solutions used by Li Hen and Schwarzschild are described 
in terms of a constant C connected with the parameter A used in this paper by the 


relation Cal Ass 
33~ . 


Models 1, 2, 3, 6, 7, 8, 9 are on the curve log,, C=—46 A=0-3343. 
Models 10, 11, 12 are on the curve log,, C= —4:3. A =0°3635. 
Models 4, 5, 13, 14, 15 are on the curve log,, C= —4:0 A=0-3953. 


The first set of models is therefore on a solution intermediate between the standard 
solution (i) and our solution (iii), the two other sets are between solutions (iii) 
and (iv). All three sets are very close together. 


(ii) The invariants U and V are connected with S and Q by 
S=U/V, Q=1/V. 
Also N=1/(n+1). 


(iii) Li Hen and Schwarzschild give their results in the form of the ratio 
r,/¥o for a star M,=10Mo, T,=3 x 107 deg. K. It is easily calculated from the 
value of the invariant for the standard solution (Table II (i)) that the radius of a 
homogeneous star of this mass and central temperature is 8-81 uro. Hence the 
extension factor E is obtained by dividing the ratio r,/ro given by Li Hen and 
Schwarzschild by 8-81. Table III gives the values of S, and Q,, for the 
15 models of Li Hen and Schwarzschild, together with the ratio M,/M,, the 
extension factor E and the ratio p;/,. 

It will be seen from Fig. 3 that the agreement between the figures for the 
15 models and our results is most satisfactory. ‘The low E values found by Li Hen 
and Schwarzschild are to be ascribed purely to the unfortunate choice of A values 
which lead to a complete absence of points near the spiral F where the models 
of large radius lie. Model 15 lies well within, and mcdel 14 close to, the border 
of the part of S-Q plane which cannot be reached by continuously decreasing 
M,/ M, (i.e. increasing the mass in the envelope) for fixed y4,/u,, since the fitting 
curve intersects the spiral F for much higher values of M,/ M,,. 

Although Li Hen and Schwarzschild correctly anticipate that higher A values 
lead to models of much larger radii, they consider such a choice of A to be 
inappropriate. For, if observational data for red giants are inserted in the formula 
for A, no very large values result for any plausible composition. ‘To us this 
argument seems to be invalid. The theory discussed is based on the assumption 
that the photoelectric effect predominates throughout the star. This is certainly 
incorrect for very massive stars, as is shown by the fact that the A value computed 
for massive main sequence stars is extremely small, whereas medium-sized 
main sequence stars lead to the standard value. But until a complete theory is 
available, which includes the effects of electron opacity, a simple model must be 
considered, and theoretical considerations must not be adjusted by premature 
references to observation. ‘The cardinal observational fact is that the A values 
of red giants are very much greater than the A values of main sequence stars of 
similar mass, although both values are depressed by the incidence of electron 
scattering. 

The final suggestion of Li Hen and Schwarzschild that larger radii might be 
obtained by still further reducing M,/ M, has been shown in the present paper to be 
without foundation. 
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Tas_e II 
Solutions of the equations for the envelope 
(i) The Standard Solution 





M/M, 
A=0'256 





O'2121 
0°2139 
0°2148 
02156 
02165 
O°2174 
o'2191 
0°2210 
0'2257 
0°2303 
0°2347 Radius of star in Emden units 
0°2391 X%3=9°25 

02478 
02562 
0°2645 
0°2727 
02807 
02963 
O'3115 
0°3263 
0°3406 
0°3548 
0°3689 
0°3827 
0°3963 
0°4000 


Radius of core in Emden units 
x=I'1I20 
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(ii) The Spiral F 





M/M, r/r,=0 along the spiral 





A= 
O'2121 O°2121 1°000 
o'2188 0°2132 0°935 
02258 0°2143 o°871 
0'2331 O'2154 0°808 
0°2409 02166 0°744 
0°2494 0°2177 0679 
0'2589 02188 0610 
0°2702 0'2199 0'528 


E=o0 











spiral continues, approaching (after an infinity of convolutions) the point 

: 9 9 

= o'0610, O = — = 0°2805, =— +0 ‘ 
: Q So 5 =" 0°2195 
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TABLE I[1—continued 


The Solution A=0°354 





N MIM, 





o°2121 I 
0°2140 0966 
0'2160 0926 
02179 0885 
02199 0843 
0'2218 0'803 
0°2270 0706 
0°2323 0°617 
0°2377 0°533 
0°2435 O°451 
02462 o°415 
0°2493 0°373 
0°2520 0°335 
0°2529 0°321 
0°2537 0°308 
0°2544 0°294 
0°2548 0281 
0°2553 0°269 
0°2556 0°256 
0°2556 0°243 











(iv) The Solution A 
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TABLE I1I—continued 
(v) The Solution A=o-590 





N M/M, 





o'2121 
0°2123 
0°2126 
O'2131 
0°2142 
02148 
0'2153 
0°2165 
0°2176 
0°2187 
0'2199 
0°2201 
0°2213 
0°2224 
0°2233 
0°2241 
0°2246 
0°2247 
0°2247 
02246 





Tas_e III 





Model KM, i So» 





0*200 1°475 
0°238 1°560 
0°309 1685 
0°229 2°285 
0°282 2°645 
0°253 1°610 
0°260 1°630 
0318 1680 
0°432 1°745 
0'263 1°990 
0°330 2°175 
0°346 2°205 
0°275 2°580 
O'414 3°745 
o°421 5°42 
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SELF-GRAVITATING STAR SYSTEMS 
G. L. Camm 


(Received 1949 November 23) 


Summary 


The Boltzmann equation for a star system in which the controlling forces 
are solely due to the gravitational attractions between the members is not 
strictly linear. For the restricted case of a system of stars of equal mass, 
stratified in plane parallel layers, the Boltzmann equation reduces to a non- 
linear partial differential equation in three independent variables. Three 
functions which satisfy this equation have been found. Two of these 
correspond to the equilibrium configurations of an isothermal self-gravitating 
gas, and of an adiabatic gas. The hypothetical models can be compared 
with the greatly flattened galactic system, and there is considerable agreement 
between the observed variation of density with distance from the galactic 
plane and the variation predicted by one of the three solutions. 





1. General theory.—The distribution in space and the distribution of velocities 
for a star system at time ¢ can be described mathematically by the velocity- 
distribution function. If we adopt any convenient non-accelerated Cartesian 
frame of space-coordinates, x, y, z, and corresponding velocity-components, 
u, v, w, then the velocity-distribution function, f(t, x, y, z, u, v, w), is such that 
the number of stars at time ¢ in a volume dxdy dz surrounding the point (x, y, 2) 
for which the velocity-components lie in the ranges u to u+du, v to v+dv, w to 
w+ dw is the quantity, f(t, x, y, 2, u, v, w) dxdydzdudvdw. The function f is 
not completely arbitrary, since it must satisfy a generalized Boltzmann equation 
of continuity, namely, 

i ee ee ek A | 

ot Ox oy Oz dtdu dtdv_ dt dw 
The acceleration, of which the three components are du/dt, dv/dt, dw/dt, is produced 
by the gravitational attractions of the rest of the starsinthesystem. The frequency 
of close encounters between two stars whereby their orbits are appreciably altered 
depends on the local values of the star-density and the velocity-dispersion (1). 
In the region of the Sun, and probably throughout most of the galactic system, the 
frequency of such encounters is extremely small. It is usual, therefore, in con- 
sidering the dynamics of stellar systems to ignore completely the possible effects of 
individual encounters. However, it is clear that the stability of a star system is 
likely to be affected by encounters, though this problem is outside the scope of the 
present paper. 

Ignoring encounters, we assume that the gravitational forces can be derived 
from a potential function, (2(t, x, y, z), which is the gravitational potential of the 
smoothed-out distribution of mass. The equation of continuity then takes the form 

af of of Of OQ Oa amo 

att “ax t ° ay + det Ox Out dy Ov Oz ow” (1) 
This equation has been treated in two distinct ways ; one method, due to Eddington 
(2), is to assume the form in which f contains the variables u, v, w, and hence, from 











306 G. L. Camm Vol. 110 


(x), to find f as a function of t, x, y, 2, u, v, w, and Q as a function of t, x, y, z. 
This method has not so far yielded any solution which corresponds satisfactorily 
to the observed distribution of velocity and density (3), (4), (§). The alternative 
method, due to Jeans (6), is to recognize (1) as a linear partial differential equation 
in f, with corresponding auxiliary equations, of which there are six integrals. Only 
two such integrals have been found, and these only in the special circumstances of a 
steady state with rotational symmetry. In this case the total energy and the 
angular momentum are integrals. Unfortunately these two integrals alone can 
never give rise to a velocity-ellipsoid with three unequal axes, which is the observed 
feature of the velocity-distribution of stars in the galactic system. 

However, the chief objection to this second approach is that (1) is only 
apparently a linear differential equation in f. This is most obvious if we consider 
two systems of stars in each of which all the stars have the same mass. 
Suppose that the velocity-distribution functions are f, and f,, and that at t=o, 
filt, x, y, 3, u, v, W) =2f,(t, x, y, 2, u, v, w), for all x, y, z,u,v,w. If (1) were truly 
linear, then we should have f, =2f, for all ¢. Actually, since there are twice as 
many stars in the first system, we must have at t =o, Q,(t, x, y, z) =2Q,(t, x, y, 2). 
Consequently the Boltzmann equation satisfied by f, is not simply a multiple of 
that satisfied by fy. 

In the galactic system it seems that stars of different spectral types have 
different distributions of velocity. Each type has its own function /, satisfying (1), 
but the components of gravitational attraction occurring in (1) are independent of 
spectral type. Nevertheless (1) is still not a linear equation in f, for, as the function 
f for any one type varies, so the total star-density will change, and the gravitational 
potential will also be affected. It therefore seems desirable to attempt a non-linear 
treatment of the problem for stars of equal mass—though it is recognized that the 
mathematical difficulties of non-linear differential equations are such that our 
primary aim must be to find any solution at all. Even for the linear problem the 
number of solutions so far discovered is extremely small. 

The problem is obviously similar to that of a self-gravitating gas in hydrostatic 
equilibrium. In both, the effects of collisions are ignored. In star systems the 
density is so low that collisions are very infrequent; the system is still in such an 
early stage of development that collisions have so far played a negligible part. On 
the other hand, the relaxation time for a gas, unless under extraordinary conditions 
of temperature and density, is so short that it rapidly reaches a steady state in 
which collisions occur, but do not affect the statistical distribution. "The com- 
parison between the stellar system and a self-gravitating gas extends tothe equation 
relating “‘ pressure ’’ with the field of gravitational force. Equation (1) is obtained 
from considerations of continuity, but it is quite analogous to the hydrostatic 
equation connecting p, the pressure, and p, the density, with Q, namely, 


Vp =pVQ. 


In the case of the gas there is also a relation, px p’, connecting pressure and density. 
This relation depends on the change in internal energy of the molecules due to 
collisions. Clearly there is no analogous relation in astar system. However, it will 
be shown that certain solutions of our problem, solutions selected for their mathe- 
matical simplicity, yield distributions of density which correspond exactly to the 
self-gravitating gas. 
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2. The case of a stratified star system.—T he simplest case we can consider is that 
of a star-system which is stratified in plane parallel layers. The velocity 
distribution is independent of the space variables x and y, and it follows that the 
density and the gravitational potential are also independent of x and y. We 
shall also assume in the first instance that the system is in a steady state, so that ¢ is 
not explicitly involved. This is purely for convenience in describing the method, 
which can be applied equally well to non-steady systems. However, since no non- 
steady systems of physical interest have been found, the explicit retention of the 
variable t seems unnecessary. The function f(z, w) is now defined so that 
f(z, w)dzdw is the number of stars in a column of unit cross-section extending 
from a height z to z + dz for which the components of velocity in the z-direction lie 
between w and w+dw. Then /f has to satisfy the equation 

a dQ of ane (2) 
” dz * dz dw 
We also have that v(z), the star-density, is given by the expression 


p+ oO 


(3) = | Sie 10) deo. 


From this we obtain p(z), the mass-density 


p(z)=m| f(z, w) dw 


Finally, Poisson’s equation takes the form 
@Q s 
Get = ~ 47G ple). (4) 


These three equations, (2), (3) and (4), can be combined into a single equation if we 
introduce two new functions in the following way. Let us define F(z, s) by the 
following equation: 

F(z, s) =m| f(z, w)e'”* dw; 


further, let us put 


K(s, s)=20G [ J ' " FQ, s)dA— [ 


F(A, s) an | 


It is seen that F(z, 0) is the mass-density, and K(z, 0) is the gravitational attraction 
at the level z. Now if we multiply (2) by me'“* and integrate with respect to w from 
— «© to + 00, we have the equation 


m oh : wf(z, wes duo} + K(z, o)m | 53 w e's dw =0, 


In terms of F this can be written in the form 
. 
—ta F(z,s) —is K(z,0) F(z,s) =0, 
and in terms of K(z,s) it becomes 
K(z, O° K(z, $) 
~ Os022 


This is the general equation which must be salad for every possible equilibrium 
configuration of a stratified self-gravitating star system. ‘There is no other 


+sK(2,0)° ea =0, (5) 
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restriction on K(z, s) except that it must be such a function as to make f(z, w) non- 
negative. 

For the system in a non-steady state, the distribution is completely specified if 
we determine the function K(t, z, s) which satisfies the equation 


0? K(t, 2,8) ie .PK(t, 2, 5) _ at 2, OK(t, 2,5). 
dtoz *9s0z" 





is K(t, 2, 0) —S——— 


3. A particular solution for the stratified system.—To obtain one solution of 
(5) we assume that, although the star-density varies with z, yet at any level the 
percentage of stars with any selected velocity is quite independent of the level. 
In terms of the velocity-distribution function, we assume that f is simply the 
product of a function of z and a function of w. In (5) we write 
K(z, s)=Z(z) S(s), S(o)=1. 
Thus we find that Z and S$ se the equation 
dS @Z dZ 
, +sZ , S=o. 
Separating the variables, we obtain 
dS _ PZ dZ 


2 S — = poset 
a hss, Woa=Z2e, (6), (7) 


where h is an arbitrary constant. From (6) we obtain S =exp(— $h?s*), since we 
also require that S(o)=1. This gives 


1 dZ 
grG dz P (—). 


It therefore follows, by Fourier’s integral theorem, that 


F(z, s)=— 


Se ae ws d 
Kz, w)= = | 3 (z, s)e s 


I dZ f+ 
~ 822Gm 9 


” exp (— $h?s*—iws) ds. 


The integral converges only if h?>0, so that the sign of that arbitrary constant is 
the correctone. The function f is therefore given by 
caer 
ah un <p hog ‘en |)? — Len? |p? 
f(z, w) Gm a | < exp{ — $(hs +iw/h)* — 4w*/h?} ds 


24a dZ ame : 
8252Gmh dz exp(—}w |h ). (8) 
The function Z is now determined from (7), which integrates to give 
dZ 


re oe 
2h 7 Z* + constant. (9) 


Now since dZ/dz = —4mGp, dZ/dz is essentially negative, so that the constant 
is negative, —C* say, and Z always lies between —C and +C. Let us put 
Z=-—C tanh 6, so that dZ/dz = —Csech?@d0/dz. On substituting in (9) we 
obtain the equation 


— 2h?C sech? 0 = = —C*+C* tanh? 6, 
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which can be reduced to give 


d6 om 2 
5, = C/2h*. 


If z is measured from the level at which Z vanishes, then we must have @ = C2/2h?. 
It now follows that Z=—Ctanh(Cz/2h?), and p=(C?/8Gh?) sech? (Cz/2h*), 
Thus the density reaches a maximum value, py =C?/87Gh?, in the plane z=o. 
It is convenient to specify the distribution in terms of the two parameters, pp, the 
maximum density, and h, the root-mean-square velocity at the level of maximum 
density. In terms of these quantities we have 

dQ 


& = Z(z) 


= — 2h(27Gp,)'? tanh {i (27Gp,)' +} ; 


p(2) = po sech? {i (27Gppo)* | 


f(z,w) = aaj sech? i (2nGpa)'*} exp ( —4$w?/h?). 


The total mass in a column of unit cross-section, denoted by M, is given by the 
expression 


+o 
M= J po sech? ii (2Gpp)* +} dz 
= (2h?p,/7G)*?. 
The gravitational potential at any level can also be determined. We have the 


relation 


dQ z 
> Palas 2h(27Gp,)*? tanh ij (24Gp,)' | . 


This equation will integrate, to give 
Q = — 2h* log cosh i (27Gpp)! | . 
where we have arranged to make Q vanish in the plane z=0. It follows that 
el — sech? ‘i (27Gpy)* | : 


This can be substituted in the expression for f(z, w), which can then be written 


fs, t0) = Aimgy &*P {— (dea — 2)/h?}. 


The solution we have found is therefore one in which the velocity-distribution 
is a function of the total energy only. This is not entirely surprising, for we have 
assumed that there is a steady state in which there is a steady gravitational field, 
dQ/dz; thus equation (2) is effectively a linear equation in f, and, as such, its 
solution is bound to be of the form, f{4$a? — Q(z)}. 

A solution of this kind, in which the Gaussian distribution of velocities was 
assumed, was given by Oort (7). He did not use the property that the system 
was a self-gravitating one, but determined the gravitational force as a function 
of height by estimating the variation of density with distance from the galactic 
plane. A more detailed comparison with Oort’s work, and especially with his 
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analysis of the observational data, will be given later in this paper. An 
approximate solution, valid near the galactic plane, has been. given by 
Chandrasekhar (8). 

One further remark should be made about this distribution of density. It is 
precisely the equilibrium configuration of an isothermal gas, stratified in parallel 
layers, and subject only to its own gravitational attraction. Our mathematical 
assumption that the proportion of stars with any selected velocity was independent 
of height corresponds exactly to the assumption in the gaseous problem that the 
gas is isothermal. 

Although attention has been confined to the determination of a steady 
configuration, it is possible to investigate by the same method the existence of 
non-steady states. If we assume that the velocity-distribution function f(t, z, w) 
can be written as a product, Z(z,t) W(w), then the only result we can obtain 
is the expression 

f(t, 2,w) = Gaya sech? fF ra (27Gpp)! | exp{ — $(w—u)?/h?}. 
This is not a new solution, but is essentially the distribution previously obtained 
for the steady state, but now moving uniformly with a constant speed wu in the 
¢-direction. 

4. A more general solution.—Although the complete solution of the problem 
has not been found, a more general solution than that just given can be obtained. 
Again the working will be given only for the steady problem. It can in fact be 
shown that there are no solutions of the type now to be considered in which the 
time is explicitly involved. In the previous section it was assumed that the 
proportion of stars with any given velocity was independent of position; this 
condition is now replaced by a similar but less stringent one. We suppose that 
in the function f(z,w), w always occurs with a factor, s(z), a function of =z still 
to be determined. We shall therefore write f(z,q), where qg is the second 
independent variable, being the product, ws(z). Finally, we assume that f(z, q) 
is the product of two functions, Z(z) and Q(g). It should be noticed that s(z) 
may not vanish except at a level where / itself vanishes—otherwise infinite values 
of w would be possible. We therefore take s(z) to be positive, or possibly zero 
at isolated levels. It must also be emphasized that in the first instance we will 
confine attention to systems in which very large values of w can occur, even 
though they may be highly improbable. This implies that there is no limit to 
the total energy a particle may possess, and consequently the spatial distribution 
of matter will extend to infinity. 

Since only a special kind of solution is being considered, there is nothing to 
be gained by the use of Fourier transforms, and we proceed directly. From (3) 
we have the equation 


p(e)=mZ(2) | ; O(ws) dw 
Zz) (+? 
~™ (2) ee QOdq. 


The integral is a constant, and we choose Q so as to make the constant unity. 
Now let us put dQ/dz = K(z), so that 
dK 


x= = —4nGmZ/s. 
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It follows that 
x_ dK 
a 4aGm°> dz’ 
and also that 
I 
f(z, w) = - Wa’ & QO(sw). 
Hence we have 
of bs 1 dK dQ 
Ow ~ 4nGm* dz dq 


of I d { dK dK\ q dsdQ 

as atm {is (*Ge) O+ (: me PAE 
These expressions are substituted in (2), and after some cancellation we obtain 
the equation 


and 


qd (,dK) 9, 4K dsdQ | 4g dK dQ 
15(S) + 's dz dz dq ie dq es 9 


Dividing through by dQ/dg, and differentiating twice with respect to g, we 
obtain 


MD Se/ Be 


Clearly d/dz{s(dK/dz)} cannot be identically zero, since it would imply that 
the density was constant; it follows that 


7492 | Se} = constant =2l. 


On integration, this gives 


00 /F =lq?+2mq+n, 
where m and » are arbitrary constants. From (11) it is seen that 
fh. - 28. 
dz\ dz dz dz 


From (10) it follows that 
d {dK dK ds dK 
—— } (lg? 3 
z(*9 =) (4 +2mq+n)+q > op Pima 
As this is an identity in g, we must have that m is identically zero, and also that 
d (dK ———. 
nz. (#3) + #K 7 =0 . (14) 
Equation (12) can now be written in the form 


Sa 
Qdq Igt+n’ 
If =o, then Q varies as e7'2", This case needs no further consideration, for it 
implies ds/dz=0, and therefore reproduces the solution we have previously 
obtained, in which the velocity-dispersion is independent of position. If Jo, 
then O= A(q?+n/l)"™. Since we are not imposing any limit on w, g can take all 
values; clearly QO must tend to zero as g approaches infinity, so that the constant / 
must be negative. We must also distinguish between the cases in which n/l is 


23 
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positive, negative, or zero. If m/l is negative, —a?, say, then Qo (g?—a*)"™, and 
we find that Q is infinite forg= +a. Ifmis zero, then Q is infinite forg=o. On 
physical grounds Q must never be infinite. If n//=a?, then we have 

Q=A(g?+ ay, 
It is seen that Q is finite for all g, and tends to zero as g tends to +0, 
The constant A is determined by the condition 


e+ a 


1=A | (q?+ a*)'* dq 
This integral will converge only if 1//<—1. The mean value of qg exists (and is 
zero) if 1/1< —2, and the mean value of q? exists if 1/l< —3. Its value is readily 
found, for we have 
g= A} | q*(q? + a2)" dq 


= Aq 2 1+1 “| aioe 
Ez +) —* 


It therefore follows that 


_— e+ © 
(2+1/l)q?= = (q? +42)! +12Mdq 


“+ @ 


rem). 


(q? a a*)i+1 dq. 


+ 
=-A be q? + a*)! "dq— Aa | (q+ a?)'dq 


=— ro _ a. 
or q?= —a@?/(3+1/l). 
For convenience, we can write 
3+1/l=—2n, n>0. 
From (13) and (14) we obtain 
gk ds 
“& dz 


. a _ 
> 
2 


Equation (13) can be re-written as 


d dK d 
15 {log (: =) oe (log s), 


and it can be integrated, to give 
dK 
(1+ 1) logs +/log = constant, 


dz 
dK _ : 
or > — Cs-AHD = — (52(n+)), (16) 


Here, C is a positive arbitrary constant; the negative sign is included since 
dK/dz is essentially negative. From (15) and (16) it is seen that 
dK ds 


8K = — Cqg2sn+) _— 


dz dz’ 


dK _ >Catstn-l ds 
2K a~ = —2Ca*s - 
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This can be integrated, and gives the equation 
Cc 
K?=— a*s*" + constant. 


Now K vanishes at the level which divides a column of unit cross-section into 
two equal masses. This is taken to be the level z=0; at that level s(z) takes the 
value 6. Hence we have the equation 

Cc 


"2. — gi(/pan _ an 
ole tha s™). 


Since C and n are positive, b must be the maximum value of s(z), attained in the 
plane z =0, where K vanishes. It is therefore convenient to write 
s*” = 5?" cos? 8, 
or s=bcos"* 8, 
where @ is a function of z, vanishing at z =o. 
This gives 


K?= C a*b*" sin? 6, 


1/2 
or K=- (=) ab” sin 6; 


the negative sign is taken, since K is negative when z is positive. Differentiating 
with respect to z, we obtain 
dK C\v2 dé 
— =-(—) ab"cosd— 
dz ( ) dz 
and from (16) we have 


1/2 
C2" +2 cos2 1+" 9 — (5) ab” cos 6 rs . 


This gives z as an integral, 


I e 2n-3 
2= (Cayraae** | sect*# ¢ dd. (17) 


Since the index of sec ¢ is greater than unity, z tends to infinity as # tends to 7/2, 
and the density tends to zero. 
The density has a maximum value, py, at the level z=0, where we have 
: Po= eS pense. 
4nG 
The general value of the density is given by 
p=pycos™! +" 9, 
The total mass in a column of unit cross-section is M, where we have 


M= Lt {—K(z)/2nG} al” 


This could be calculated directly, as it is also given by the integral 


M=2| pdz 


z=0 


7/2 2 dz 
= 2(1+n-) 
2p0 | cos 0 =, 40 


6=0 


Po _-“Pe_ —n—2 qa 
(Cn) ab | ‘ cos 6d@. 
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But we also have 

C=47Gp,.b-?", 
so that we can write 

M =(a*p,/7Gnb?)"2. 
The mean square velocity, w? varies with z, its value being g?/s?. Now we have 
seen that g*=a*/2n, so that h?, the mean square velocity in the plane z=0, is 
a?/2nb?. This is substituted in the expression for M, which can then be written 

M =(2poh*/7G)?2. 


This formula was also obtained in the case of the “isothermal”’ distribution, 
considered in the previous section. 
The expression for the velocity-distribution is now given by the equation 


f(z, w) = & s(z) cos2?4+"™ @ A(g? + a?)-”-32, 


or, if we express s(z) in terms of 0, 


f(z, w) = or cos?+3n™ @ A(g? + a?)-*-32, 


The value of A is found from the condition 


I =A| (q2+a*)-” “32 dq, 
Putting g=ax, we have ; 


8) 


A-1=2a sons | (1+ x?)-"-32 dx = qr +Dzl2n | /(n + $)!. 


This result is substituted in (18) which then becomes 
pod (n+)! 


f(z, w) “a sani al Q%"+)) egs2+3n™ (4? a a’)-"3 2 


We also have that g=ws, or whcos" '@, so that f can also be expressed by the 
equation 


f(z, w) PoP (n+9)! 


5 2" a" +2 cos? +30" @ (q+ wb? cos 2" 9)-2-32 
mir” n! 


p (n + 4) ! a 2n+2 s a “es —n—3/2 
—s a b w* + RP sec2”” 6 
_ po (n+)! 


an os (2mh?)"+1(qp? + 2nh2 sec?” ) adi 2. (19) 


In this form it will be seen that f is a function of the total energy only, for we have 


do ue 
= K(z)=- (5) ab" sin 8, 


dz 
~ae an —1/2,h—n—2 o—1—2n™ 
7 (Cn)-"?ab cos 0. 
Hence it follows that 

dQ 


_ SO @ sin 8 
rT) =~ nb? cos sin 0, 
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and 


2 
Q=-= <, cos-*"”* 9 = — nh? sec?"™ 0. 
26 


In terms of Q, (19) can be written in the form 


fiz, w) = Po, (erp (2nh®)"+1(e2 — 2Q)-"-92, 


This shows that, as expected, f is really a function of a single variable, (}w?—Q), 
the total energy. 

From (17) and (19) it can also be shown that the “‘isothermal’’ solution, 
considered in the previous section, is the limiting case as m tends to infinity of the 
solution just obtained. From (17) we have 


ee —n—2 ‘ 1+2n* 
== Gyn ar*| sec mn” odd 


Ae \w2 a 
= (<a) f sec! +2" 6 do. 


As n tends to infinity, we have 


h2 1/2 -6 
+(e) ase 


~) log (s000+-tand 
- (ex) og (sec @ + tan 6). 


Hence it follows that 


sec 0-> cosh tj (27Gpy)” | , cos@-—>sech ti (27Gpp)! | ; 


h 
sin 0-> tanh {i (anGp,*} ; 
Now we also have 
/2 
Bios (5) ab” sin 8 
n 
= — 2h(27Gp,)"* sin 8 
> —2h(27Gp,)*? tanh ij (anGpa)} . 


This is the value obtained in Section 3. Similarly we have for the velocity- 
distribution 


n++4)! a ; 
f(z, w) = ee ( - » (2nh?)"*+1(w? + 2nh? sec?” 9)-"-32 


! 
= a (n ~ ; ) (2nh?)-¥? cos?+8"* 9 (1 + w*/anh? sec’ 9)-"-3? 





i anja © u a cos?+3n™ 9 (1 + w?/2nh? sec?” 9)-"-32, 


As n->oo, (n+4)!/n!n¥2+1, and (1+w*/2nh® sec*™™ 0)-"-92-+ exp (—w?/2h?). 
It therefore follows that 


fiz, w)—> Ga) cos? 6 exp (— }w*/h?) 


2 ; 
= Coal sech? ti (21Gpo)” +} exp (— }w?/h?), 
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Thus the distribution given by (17) and (19) tends to the “‘ isothermal”’ solution 
as the parameter n tends to infinity. 

5. A density distribution in which the thickness is finite——In Section 4 we 
confined attention to systems in which very large values of g could occur. Since 
there was no restriction on the kinetic energy, the system had necessarily to be 
infinite in extent. We now examine a case in which the system is finite, and in 
which, therefore, the value of gis bounded. Proceeding as in Section 4, we arrive 
at the equation for Q, namely, 


1 dQ q 

QO dq Iq+n 
As before, the case in which the constant / is zero need not be considered, since it 
leads only to the “isothermal” solution. If /o, the general solution is that 
O=A(q?+n/l)'*__ Ifn/Llis positive, this expression places no restriction whatever 
on the values of g. This is the case investigated in the previous section. If, 
however, n/l is negative, — a®, say, then as q passes through either of the values + a, 
the quantity (q?—a*) changes sign. Since Q is essentially a positive number, this 
suggests how we can restrict the values of g. Let us define Q as follows: 

QO=A(a?—q*)'*, |q| <a; Q=0, |q|>a. 

(If we were to take O = A(q?— a*)"*, then|q| > @, and zero velocities would never 
occur. ‘This cannot correspond to a physical system.) ‘The index / must now 


be positive, since QO must be finite for|q| <a. We also have 


-+a + 


1=A | (a? — gq?) dg, g=A| q?*(a? — q?)"!dq. 


-a 
From these equations we can show that g?=a?/(3+1/l). It is convenient to put 
3+1/l=2n, where n>}. 
The functions K(z) and s(z) now satisfy the differential equations 


d ‘. 

in {log (: =)} = 5 (logs), 

a® £ —sK. 

The first can be integrated, to give 

dK 

dz 

Combining the second equation with this, we obtain 
dK ds 

—— aCe =-* 
dz _ dz 


= —Cs %r-d, 


K 
On integration, this becomes 
Ca? 


K? = (s-2" ai b 7. 


where 6 is the value of s(z) in the plane z =o, in which K vanishes. Clearly 6 is 
the minimum value attained by s(z), so that it is convenient to write 
$2” = 52" sec? 0, 


s=bsec”’' 8, 
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where @ is a function of z vanishing at z=o0. ‘The expression for K now takes 


the form 
C\ "2 ; 
K=- (5) ab-" sin 6. 


n 


Y\ 1/2 
— (5) ab coed © 


It follows that 


n dz 
But from (20) we have 
dK 


— = —Ch-2"+2 cos? 2" 9, 


dz 


Thus z is connected with the parameter @ by the integral 
I ae 
a ab" * | sec’ b dd. 
(Cn)! 2 J. p ip 
The index of sec ¢ is less than unity, so that the integral is finite as @ tends to 7/2. 
The density is given by the formula 
- 1 dK 
p 4nG dz 
wos es 5-2 +8 cog?" 9. 
4nG 
Since n>, the power of cos@ is positive, so that the density has a maximum 
value py = Ch-2" +2/47G in the plane z =o. 
It is convenient to introduce a second parameter f, where h? is the mean-square 
velocity at the level of maximum density. We have obtained the equation 


y= 
sas 


g? =a" /2n, 


The mean-square velocity at the level z is therefore given by the expression 
w? = q?/s? = a?/2ns*. 
In the plane z =o this simply becomes 
h? = a®/2nb?. 

In terms of py and h, we obtain the following relations between K(z), the force, 
p(z), the density, 2, the displacement, and the variable @:— 

(= — 2h(27Gp,)"* sin 8, 

p=p,cos’- "0 

6 

z= ccc J, 800 4 dd. 


The total mass in a unit column, M, is given by 


5 


-n{2 
M =2h(p,)/27G)¥2 | __ cos?-2""* @ sec'~2""* 6 dd 
Po ' 
J ¢ 


= (2p9h?/7G)*?. 
All three solutions, therefore, give the same relation between M, py and A, 
The total thickness of the distribution is finite; and the actual value is 
2h rats iii h n-*—1)1(—4)! 
ia | sec!—2" db = - al to 4) a 
(27Gppo)*? Jo (27Gpp) (n-*—})! 
This tends to infinity with n. 
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The velocity-distribution function can also be expressed in terms of pg and h, 

and we then have 
oo ZY 

f= a <a — 7 i (2nh?)'-” (2nh? cos*"* 6 — w*)"-32, 
Here again we have the result that as m tends to infinity the distribution tends 
exactly to the “‘isothermal’”’ case. The distribution has another remarkable 
feature, for the mass-density is distributed in the same way as a gas would be, 
if it obeyed an adiabatic law, was stratified in plane parallel layers, and was in 
equilibrium under its own gravitational attraction. The index m in the above 
solution and the ratio, y, of the specific heats of the gas, must be related by the 
equation 


or y=1+1/(m—1). 
Hence, in terms of the polytropic index, p, of the gas, 
n=p+l. 
The solution also required that n>, which implies p>4, or y<3. 
The method of solution which yielded the results given in the last two sections 


has also been applied to the problem of non-steady distributions. 

was found that if we assumed a velocity-distribution of the form 
fit, z, w) =Z(t, z)Q{ws(t, z)}, 

then we must have either s = constant—which leads to the artificially non-steady 

solution quoted at the end of Section 3—or else both Z and s must be independent 

of t. The second alternative implies that there can only be steady solutions of 

the desired form, and the details of these solutions have already been given. 

6. The comparison of the three models with observation.—It is convenient to 
denote by I, II and II] the models obtained in Sections 3, 4 and 5. Then we 
have seen that I is an exceptional case, separating models of type II from those of 
type III. It is infinite in extent, and corresponds to the density-distribution of 
an isothermal gas in equilibrium in its own gravitational field. Model II is also 
infinite in extent, and corresponds mathematically to the equilibrium configuration 
of a gas for which y, the ratio of the specific heats, is less than unity. Model III 
has a finite thickness, and corresponds to the gas obeying the adiabatic law, with 
I<y<3. ‘The close similarity between the three is evident from Table I, in 
which the chief physical quantities are expressed as functions of a parameter. 


However, it 


TABLE I 


The density, gravitational force, and distance from the central plane expressed 
in terms of a parameter, 0 





Model 


I 


II 


Ill 





P! Po 


cos? 6 


cos2t+2n— 9 


cos2—2n™ @ 





— K/(81Gpoh?)'? 


sin 6 


sin 6 


sin 6 





2(27Gpo/h*)!/? 








I, sec } do 





6 
secl1+2n 
[sec ¢ dd 





6 
t secl—2n~" ¢ dg 
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In the table pp is the density in the central plane of the system, and h is the 
root-mean-square velocity in that plane. The quantity z is the height above 
the plane, and K is the resultant gravitational force, measured positively in the 
direction of z increasing. As we have seen, p and K can be expressed explicitly 
as functions of z for solution I, but this parametric representation is more 
convenient when we wish to compare the three models. It is evident from the 
table that M, the total mass in a column of unit cross-section, is the same in all 
three cases, namely {2p)h?/7G})?. 

The problem of a system of gravitating stars in which the surfaces of equal 
density are parallel planes has an application to the distribution of velocity and 
of density in the galactic system, normal to the galactic plane. The system is 
extremely flattened, and though there is a considerable central condensation, it 
appears that in the region of the Sun the surfaces of constant density are effectively 
parallel, at least up to 500 parsecs on either side of the galactic plane. Parallel 
to that plane, the dominant forces are the attraction of the central condensation 
and the centrifugal force arising from galactic rotation. ‘The equality of these 
two leads to an estimate of the mass of the central nucleus. The motions 
perpendicular to the plane are controlled largely by the attraction of the parallel 
layers of material in the immediate vicinity. The attraction of the central 
nucleus has a component perpendicular to the galactic plane; this is comparatively 
small up to distances of 500 parsecs from the plane, though ultimately, of course, 
it is the dominant force. However, the effect of this component is ignored in the 
present paper. 

In making a comparison with the galactic system in the region of the Sun, 
we are able to use the observational data collected by Oort (7), who has considered 
the same problem. For the density in the galactic plane (the quantity pp), 
Oort derives the value 0-092 solar masses per cubic parsec. For our purpose 
it is unfortunate that we have to adopt this value, since Oort obtained it almost 
by reversing the steps we shall take. His procedure was to estimate the variation 
of density with z for different spectral types, and hence to calculate the variation 
of gravitational force required to produce the observed densities. He then 
considered what combination of material in ellipsoids, together with a massive 
central nucleus, would yield this distribution of force, and in this way estimated 
the local mass-density. However, the value for py of 0-1 solar masses per cubic 
parsec, which we adopt, is certainly of the right order of magnitude. More than 
one-third of this figure can be accounted for by stars of absolute magnitude 
brighter than + 13:5, and there are also intrinsically faint stars and interstellar 
matter to be added. 

For the value of the root-mean-square velocity in the plane of maximum 
density, i.e. the galactic plane, we take h=20 km./sec. This value is certainly 
too large for the B-type stars, probably too large for the A type, but is about 
correct for the F, G, K and M types which are more numerous. Oort assumed 
that the distribution of velocities was Gaussian, and found that it was usually 
necessary to add two such distributions to reproduce the observations. The 
dominant Gaussian distribution usually had a root-mean-square velocity of the 
order of 20 km./sec. 

With these two figures, the value of M, the total mass in a column of unit 
cross-section, comes out to be 77 Mo per square parsec. From his determination 
of density gradients, Oort concludes that if the proportion of dark matter is the 
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same at all levels, then M is 80 solar masses, whereas if the dark matter is all 
within 200 parsecs of the galactic plane, then the total mass in such a column 
would be only 51 solar masses. Our value of 77 Mo is therefore in general 
agreement with Oort’s estimate. ‘The order of magnitude of this result can be 
checked in a different way. ‘The total mass inside a column of which the cross- 
section is a circle of radius 15,000 parsecs comes out to be 5-4 x10" Mo. The 
galactic system has dimensions of this order; from studies of galactic rotation 
Oort (g) finds that about 1-3 x 10! Mo are concentrated in the nucleus, and 
6 x 10! solar masses are spread fairly uniformly in a disk. ‘The mass in the 
disk, which must be mainly responsible for acc.‘erations perpendicular to the 
galactic plane, is entirely comparable with the value we have obtained. 





+ - - + —>—_———_- 
200 400 600 800 
z, in parsecs 





Fic. 1.—The variation of density with distance from the galactic plane. 


The variation of density with distance from the galactic plane is illustrated 
in Fig. 1. Three curves are given, corresponding to the three different models. 
In the cases of II and III the index n is at our disposal. The variation of n will 
not affect the general nature of the curves, but in either case, as m increases, the 
curve will approach curve I. The value of selected for curve II is 2; this is 
particularly convenient, since the integral for z can then be evaluated in simple 
terms. ‘This is the case whenever n is of the form 2/(2p + 1), where p is an integer. 
For curve III the index m was taken to be 8, which corresponds to a value, 


> 


y =3, forthe adiabatic index. For this curve the density falls to zero at 708 parsecs. 
The area under all the curves is, of course, the same, namely M/2p,). Curve II 
would appear to give the best agreement with observation. Oort estimates that 
in the galactic system p/p, falls to 0-1 at a height of 500 parsecs; the value at this 
level, as given by solution II, is 0-13, and this must be regarded as quite satisfactory. 

A more detailed comparison with observed densities will now be given. 
Oort has evaluated the variation of density normal to the galactic plane in the 
following way. Stars which are within 50° of either galactic pole are first grouped 
according to absolute magnitude. Each group is then subdivided according to 
parallax. For each subdivision he then finds »(z), the number of objects it contains, 
and z, the mean distance in parsecs from the galactic plane without regard to sign. 
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Finally he tabulates {log »(z)—log »(44)} against z for each group. The two 
magnitude groups, —0°5 to +1°5, and +1°5 to +3°5, give the most reliable 
results, and these are reproduced in the second and third columns of Table II. 
The two columns are very consistent. In the next three columns are given the 
quantities, log {p(z)/p(44)}, as calculated from solutions I, II and III. The 
models I and III differ very obviously from the observations, but there is 
extraordinarily good agreement between the values obtained from solution II 
and the observed quantities. Of course, the comparison of logarithms will tend 
to smooth out some of the discrepancies, but the agreement is much closer than 
one would have expected. 


TaBLe II é 


The variation of density with distance from the galactic plane, as observed, and as calculated 





Distance, in stars, densities, 
parsecs, from the log v(z)—log v(44) log p(z)—log p(44) 
galactic plane, z 


| Logarithms of observed numbers of Logarithms of calculated 
| 
1 
! 





—0°5< M< +1°5 +1°§< M< +3'5 I II Ill 





44 0°000 0°000 0'000 8 0'000 
69 0°023 foo} fe) 0032 0006 
110 O°104 0'025 —o'108 —o-'018 
174 0°246 0076 0°248 0°045 
275 -0°465 o'198 —0'465 0°135 
438 —o0°706 0°463  —0'748 0°404 
694 I‘113 : -1°048 ne 

















Another comparison which can be made with Oort’s investigation is that of 
gravitational force. In Fig. 2 are shown three typical curves which give the 
variation of (— K), the acceleration towards the central plane, as a function of z, 
the distance from the plane. The ordinate at each point is proportional to the 
area beneath the corresponding curve of Fig.1. There is a maximum acceleration 
of 6°75 x 10-® cm./sec.?, which is attained by curve III at z=708 parsecs, the 
level at which p vanishes. Curves I and II approach this limit asymptotically, 
as z tends to infinity. 

The quantity K has also been calculated by Oort directly from the observations. 
If equation (2) is multiplied by w, and then integrated over all values of w, we 
obtain the equation 

, See 
K(z) = > 2 (vw). 
For objects of different spectral type the quantities w* and v(z) have been found, 
and Oort has obtained values of K(z) for each type, using the above formula in 
the form 


K(z)=w* + (log v). (21) 


After applying corrections and weighting the determinations, Oort gives values 
of K(z) for eight different values of z. These are the points marked in Fig. 2. 
In view of the close agreement we have found in Table II between Oort’s log v(z) 
and our log p(z), we might have expected curve II to fit the points more closely. 
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The difference must be accounted for by the variation of w* with z. The exact 
formula, which gives the curves in Fig. 2, is 


K(z) =w S (log v)+ $ @), (22) 


The points have been determined from (21) where w* is a constant, namely, its 
value in the plane z=0. Since (d/dz)(log v) is negative, and since in model II 
w? increases with 2, the first term on the right-hand side of (22) is more negative 
than the corresponding term of (21). The other term in (22) is positive, and 
tends to equalize the two values of K(z), though differences will remain. 

There is one peculiarity of Oort’s values of K(z) which is quite contrary to 
the behaviour of K(z) for a self-gravitating system. Irrespective of the solution 


of the differential equation, we always have for a stratified self-gravitating system 
the relation - 
dK ‘ 
& = —4nGp. 
10° K(z) 
in cm./sec.? 








T ‘ss * M.'s 7 
200 400 600 800 
z, in parsecs 
Fic. 2.—The variation of acceleration due to gravity with distance from the galactic plane. 


Thus the slope for the curve of K as a function of z cannot change sign for a 
physical system. Such a change of sign, however, is certainly suggested by the 
values Oort has given. This effect may also be attributed to the variation of w* 
with 2, for which he has not allowed. / 
On Fig. 2 is also shown a broken line, which gives approximately the component 
towards the galactic plane of the acceleration produced by a central nucleus of 
mass 1-3 x 10"! Mo, situated in the plane, but at a distance of 10,000 parsecs. 
For z less than 1000 parsecs this component is practically proportional to z and 
reaches a value of 1-82 x 10-® cm./sec.? at z=1000 parsecs. In comparing our 
theoretical results with the observed features of the galactic system, we have ignored 
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completely the influence of the central nucleus. From Fig. 2 it is obvious that 
the acceleration it produces is small, within the range of values of z considered, 
compared with that produced by the plane layers of matter. However, it is also 
clear that the effect of the nucleus is certainly not negligible.* 
, A final comparison with observation can be made, namely, in the distribution 
of velocities normal to the galactic plane. Oort has tabulated the distribution 
of w for stars of spectral types F, G, K and M within 20 parsecs of the Sun, 
grouping according to spectral type. In fact he subdivided the spectral classes 
further, but though there may be genuine differences in velocity-distribution in 
these subdivisions, the number of objects in each becomes so small that it is scarcely 
possible to recognize even the kind of distribution. In these circumstances we 
have retained Oort’s three original groups only. The corresponding distributions 
are plotted in Fig. 3. The ordinate is the percentage of stars with velocities in a 
Percentage 








0 50 60 70 
w, in km./sec. 
Fic. 3.— The observed and calculated distributions of velocity components, w, in the region of the Sun. 


range of 5 km./sec., centred on the corresponding abscissa. The distributions for 
F type, G type, and the K and M types together are indicated by the symbols 


* In a further paper on this subject Oort and van Woerkom (10) have used the density distribution 
of the RR Lyrae variables to determine K(z) in the range from 1000 to 10,000 parsecs. This is far 
beyond the range to which the present method will apply, but it is of interest to see that K(z) is 
constant and equal to 8-4 10~® cm./sec.?._ This is by no means inconsistent with our present 
results, for Oort and van Woerkom attribute the greater part of K(z) in their range to the effect of 
the central condensation. The remaining part, due to the extended distribution of matter, falls 
short of our value of 6°75 X 10~®, but beyond 2000 parsecs this is to be expected, for we have been 
using a model extending to infinity in all directions in the galactic plane. Such a model should give 
good results up to 500 parsecs, and will be quite reasonable up to 1000 parsecs. 
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x, © and + respectively. The three curves give the distribution of velocities 
in the region of the Sun, as predicted by solutions I, II and III. Clearly the 
scatter of points is so wide that no curve will fit them, but the general run of the 
points would be fairly consistent with a distribution lying between curves I and II. 
Such a curve could be obtained by taking a solution of the type II, but with a 
value of m greater than 2. 

If a similar analysis were undertaken for stars in a larger volume of space, some 
of the irregularities in the velocity-distribution would be smoothed out. But 
Oort has pointed out that even in the sphere of radius 20 parsecs there may be a 
deficiency in the observed number of stars with very small velocities. Such a 
deficiency has a two-fold effect on the observed velocity-distribution; it lowers 
the ordinates for small values of w, and it leads to too large a value of the 
mean-square velocity. However, even if we knew neither the total number of 
stars in the group nor the mean-square velocity, it would still be possible—though 
perhaps rather tedious—to fit a solution of one of the types we have obtained to 
an observed distribution, which was only known for values of w between, say, 
15 and 50 km./sec. At any rate this would seem to be one way of obtaining a 
reliable comparison. 

The method developed in this paper has enabled us to find three solutions for 
the problem of a self-gravitating stellar system stratified in plane layers. Clearly 
it can be used to find others. However, it leaves undetermined the stability of 
the solutions obtained. This will ‘require separate treatment, since it seems 
necessary to investigate both the stability of a model in which f(t, z,w) differs 
slightly from a known solution, and also the stability of a known solution under 
the action of the stochastic forces which arise during close encounters. These, 


however, are essentially new problems. The present method can be applied 
equally well to spherical systems, and probably to more general systems, though 
the great advantage of having only one space coordinate will be lost in the general 
case. 


The University, Manchester, 13: 
1949 November 21. 
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ON THE INSTABILITY OF SMALL PLANETARY CORES (1) 


W. H. Ramsey 


(Received 1950 April 13) 


Summary 


The instability of small planetary cores, which was encountered in one of 
the author’s previous papers (M.N., 108, 406, 1948), is investigated more 
fully. It is pointed out that the phenomenon may have a bearing on the 
origin of meteorites and asteroids. 





1. In previous papers (1, 2) the author has suggested that the jump in density 
at the boundary of the Earth’s core is due to a phase transition under pressure, 
and not to a change in chemical composition. This suggestion, together with 
the assumptions current in geophysics, implies that the variation in density 
within the Earth is due primarily to the influence of pressure. Seismology 
provides the pressure-density relationship for the material of the Earth (3). 
The mean densities of the other terrestrial planets can be computed on the basis 
of this pressure-density relationship, assuming that these planets have the same 
chemical composition as the Earth; this has been carried out in another paper (1). 
An interesting phenomenon which was encountered in the course of these 
calculations is that very small cores are unstable and so would not occur in nature. 
This feature is a direct consequence of the main assumption underlying the 
calculations,, namely, that the jump in density at the boundary of the core is 
controlled by pressure. The phenomenon was explained very briefly in an 
Appendix to the earlier paper (1), but a more comprehensive treatment is 
desirable for a number of reasons. First, several people, notably Professor 
Jeffreys (4), have shown an interest in the problem. Second, the same 
phenomenon will be encountered again in a forthcoming paper on the internal 
structures and constitutions of the major planets. Third, it will be shown that 
there is a possibility that the phenomenon has a bearing on the origin of meteorites 
and asteroids. ‘The phenomenon and its implications will be examined in 
considerable detail in the two parts of this paper.* 

2. In its most general form the problem is mathematically cumbersome. 
The phenomenon can be understood most easily by treating a simple example 
which can be handled algebraically. It will therefore be assumed in Part I of 
this paper that the planets are composed of a material which has a constant 
density py at all pressures below a critical pressure p,, and a constant density Apo, 
which is greater than pp, at all higher pressures. In other words, it will be assumed 
that the material is incompressible, both above and below the critical pressure. 
In Part II, Lighthill will show that the main conclusions of this part of the paper 
are valid also in the general case of a compressible material. 


* For Part II, see M. J. Lighthill, M.N., r1r0, 339, 1950. 
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Let M be the mass of the planet under consideration, R the total radius, 
R, the radius of the core, and P the central pressure. The pressure at the 
boundary of the core must be equal to the critical pressure p,; that is, 


p. =(27/3)Gpi{R® — RE +2(A—1)R(R,*—-R)}, (1) 


where G is the constant of gravitation. It is convenient to introduce the mass M, 
and the radius R, of the planet whose central pressure is equal to the critical 
pressure p,: 

Pe =(27/3)Gp5Ri, My=(47/3)poRi- (2) 
The condition (1) that the boundary of the core is at the critical pressure p, can 
then be written in the simpler form 


R?— 2(A— 1)R°R + {(2A— 3)R?— R3} =o. (3) 
When there is a core the central pressure P is given by 
P/p,=1+A(R/Ro)*, (4) 
and the total mass M is 


M = (477/3)po{R® + (A—1)R}. (5) 
The three equations (3), (4) and (5) contain all the physical assumptions made. 
The problem is to find the combinations of the variables M, R, R, and P which 
are compatible with these equations. 

3. To begin with, it will be proved that the central pressure P always determines 
the planetary configuration uniquely. For this reason the central pressure will be 
made the independent variable in the problem. First, suppose that P is less than 
the critical pressure p,, so that there is no core. ‘The mass M and the radius R are 
given unambiguously by the equations 

M/M,=(P/p.)®*, R/Ro=(P/p.)**. (6) 
‘The mass M and the radius R increase monotonically with the central pressure P, 
attaining the values M, and Ry when P is equal to p,. Second, suppose that P is 
greater than the critical pressure p,, so that there is acore. ‘The radius R, of the 
core is uniquely determined by P through equation (4). Also, the radius of the 
core determines the total radius R uniquely. ‘This follows because the left-hand 
side of equation (3), for any given value of R,, is an increasing function of R; and it 
is negative when R is put equal to R,, and it increases as R? for large values of R. 
Hence, to each value of R, there corresponds one, and only one, value of R which 
satisfies equation (3) ; and this value of R is necessarily greater than R,. When 
both R and R, are known, the mass M is given unambiguously by expression (5). 
Hence, in all cases, the central pressure P uniquely determines all the properties of 
the planet. ‘This result is important, as it will be shown below that several 
configurations can have the same total radius R, and also that several configurations 
can have the same total mass M. 

4. Consider first the behaviour of the total radius R as a function of the central 
pressure P. When Ps less than the critical pressure p,, it follows from equation 
(6) that R is an increasing function of P, so that P and R uniquely determine one 
another. But R is not always an increasing function of P when the central 
pressure exceeds the critical pressure. This is evident from equation (3); for the 
total radius R has the value Ry when R, is zero, and also when 


R,/ Ro =(2A—3)/(2A—2), (7) 
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and this second possibility is physically admissible if A is not less than #. The 
derivative of R with respect to R, can readily be derived from equation (3), and it is 


dR/dR, =(477/3) ppRR-M-{3(A—1)R,—(2A—3)R} , (8) 


where Mis the total mass. The derivatives (dR/dP) and (dR/dR,) invariably have 
the same sign, as it follows from equation (4) that (dP/dR,) is always positive : 


dP/dR, =2A*p,R,/R°. (9) 


As has been stated earlier, A is assumed to be greater than unity as the high pressure 
modification will be the denser. The derivative (8) is necessarily positive if A is 
less than $; R is therefore an increasing function of R,, and so also of the central 
pressure P. Hence, if A is less than 3, R is an increasing function of P, both above 
and below the critical pressure. Any given value of R therefore uniquely 
determines the central pressure P, and so all the properties of the planet. On the 
other hand, the derivative (8) may be negative if A exceeds $, and indeed it always is 
negative for sufficiently small values of R,. In this case (A>) the derivatives 
(dR/dR.) and (dR/dP) are negative for ratios (R,/R) smaller than 

R,/R =(2A—3)/(3A— 3), (10) 
and they are positive for all larger values of (R,/R). It may easily be shown from 
equation (8) that the ratio (R,/R) is always an increasing function of R,, and so also 
of P. WhenAexceeds $ the behaviour of R as a function of Pis therefore as follows. 
(Diagrammatically the behaviour of R is similar to the behaviour of M as a function 
of P, and the latter is shown in Fig. 1.) As Pis increased from zero to the critical 
pressure p,, R increases uniformly from zero to the value Ry, (cf. equation (6)). 
When the central pressure P is increased beyond the critical pressure, the total 
radius R steadily decreases until it reaches a minimum value R’, when equation (10) 
is satisfied. ‘Thereafter it increases continuously with P, and it again attains the 
value Ry when equation (7) is satisfied. It follows that one, and only one, central 
pressure is compatible with a given value of the total radius R, provided that the 
given value of R does not lie in the range 

R' <R<R,. (11) 

This means that the planet can be specified unambiguously by its total radius R, 
provided that R does not lie in the range (11). On the other hand, for each value of 
R within the range (11) there are three possible values of P, two being greater than 
and one less than the critical pressure p,. This means that a given total radius R 
in the range (II) is compatible with three different planetary configurations, two 
with cores and one without a core. In general, the three configurations have 
different total masses. 

A complicated explicit expression for R in terms of R, can, if required, be 
derived from equation (3) by the standard procedure for solving a cubic equation. 
But, for small values of R,, the behaviour of R is given more simply by a power 
series development in (R,/Ro) : 

R/Ry=1—(A~3)(R,/Ry)* + (A= 1)(Rel Ro)? + -- (12) 

When J is greater than 3 this series exhibits the minimum described above. The 

region of the minimum can always be investigated by this method; the absolute 

convergence of series (12) in ensured because, as is evident from equation (7), the 

ratio (R,/Ro) is always less than unity in the neighbourhood of the minimum. For 
24 
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very massive planets, R, and R are nearly equal. This is evident from the 
expansion in descending powers 

R/R,=1+4A-(Ry/R,)? +... (13) 
which is valid if R,is large compared with Ry. The thickness (R— R,) of the mantle 
decreases rapidly as the size of the planet increases. ‘This is because the boundary 
of the core is at a fixed pressure, and gravity is larger in more massive planets. 

5. Consider next the behaviour of the total mass M as a function of the central 
pressure P. When P is less than the critical pressure p, it follows from equation (6) 
that M continually increases with P and attains the value M, when P is equal to p,. 
There is a core when P exceeds the critical pressure, and the total mass is given by 
equation (5). According to equation (9) the derivative (dP/dR,) is always 
positive, so that (dM/dP) and (dM/dR,) invariably have the same sign. ‘The latter 
derivative is 


dM/dR,=47po{R*(dR/dR,) + (A—1)R?}, (14) 
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Fic. 1.—The behaviour of the total mass M as a function of the central pressure P. 


which can be negative only if (dR/dR,) is negative. But it has been shown above 
that (dR/dR.) is always positive if A is less than $3. Hence, for A less than 3, the 
total mass M is an increasing function of P, both above and below the critical 
pressure; M therefore uniquely determines the central pressure P, and so all the 
properties of the planet. Onthe other hand, it has been shown above that (dR/dR,) 
can be negative if A exceeds #. It will now be shown that (dM/dR,) can also be 
negative if this condition is fulfilled. It follows from equations (8) and (14) that 


dM/dR,, = 47p)( M,/ M)(R/R,)?RRF, (15) 
where F = —(2A—3)+ 4(A—1)(R,/R) + (A—1)°(R,/R)*. (16) 
Clearly (dM/dR,) is negative if, and only if, the factor F is negative, and this is 


possible only if A exceeds 3. But if A does exceed 3, F is always negative for 
sufficiently small values of the ratio (R,/R); consequently (dM/dR,) and (dM/dP). 
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are also negative. F is an increasing function of (R,/R), and it is negative when 
(R,/R) is zero and it is positive when (R,/R) is unity. There is therefore one, and 
only one, value of (R,/R) which makes F equal to zero. F is negative for all 
smaller values of (R,/R), and it is positive for all larger values. It has been pointed 
out earlier that (R,/R) is always an increasing function of the central pressure P. 
Hence the value of (R,/R) which makes F equal to zero uniquely determines a 
central pressure P;. The derivative (dM/dP) is negative if the central pressure P 
lies in the range 

Pe<P<Pr, (17) 
and it is positive if P lies outside this range. For A greater than 3, the behaviour 
of M as a function of P is therefore as follows (cf. Fig. 1). As P is increased from 
zero to the critical pressure p,, M continually increases to the value M, (cf. equation 
(6)). When the central pressure is increased beyond the critical pressure, M 
steadily decreases with P until P reaches the value P,; here the mass M is a 
minimum*, say M,. The mass M is an increasing function of P for all central 
pressures greater than P,. It follows that one, and only one, central pressure is 
possible for a planet whose mass M does not lie in the range 

M, <M< M,. (18) 

This means that a planet whose mass does not lie in the range (18) has only one 
possible equilibrium configuration. In other words the mass determines 
unambiguously the total radius, mean density, etc. On the other hand, for each 
mass in the range (18) there are three possible values of P, one being less than and 
two greater than the critical pressure p,. This means that a planet whose mass lies 
in the range (18) has three possible configurations, one without a core and two with 
cores; in Fig. 1 these configurations are represented by the points A, B and C. 
The order A, B, C is the order of increasing central pressure and also of decreasing 
total radius; A has no core, and B has a smaller core than C. Of the three 
configurations, C has the smallest gravitational potential energy. It was assumed 
in the calculations (1) on the terrestrial planets that only the configuration with the 
smallest energy would occur in nature. This led to the discontinuity in Fig. 1 of 
the previous paper (1), which illustrated the calculated variation of the mean 
density with the mass of the planet. The stabilities of the three configurations 
will be examined more closely below. 

The region in which the total mass is a minimum can be investigated by the 
power series method which was used to investigate the minimum of the total 
radius. An expansion of the mass M in power of (R,/Ro) can be obtained by 
inserting the expansion (12) for R into the expression (5) for the total mass 


M/M,=1—3(A— 8)(R,/ Ro)? +4(A— 1 )(R,/Ro)? + «.- (19) 


which is the expression given in the Appendix to the previous paper (1). This 
series exhibits the minimum described above if A is greater than #, and not other- 
wise. The series (19) is absolutely convergent when the mass is a minimum, as 
this always occurs at a smaller value of (R,/R) than the minimum of the total radius. 
The total radius R is a minimum when (R,/R) is given by equation (10); but it 
follows from equation (16) that (dM/dP) is positive at this value of (R,/R), so that 
the mass M has already passed its minimum. 


* The minimum value of R was denoted by R’. The minimum value of M will not be denoted 
by M’ as the minimum mass and the minimum radius belong to different planetary configurations. 
24* 
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6. To illustrate the effect quantitatively, the constant A will be. put equal to 2. 
Table I gives a complete solution of the problem for central pressures in the 
neighbourhood of the critical pressure. The total radius R is a minimum when 
the central pressure P is 1-43p,; the minimum value R’ is only two per cent less 
than Ry. The total mass M is a minimum when the central pressure is 1-24 p,; 
the minimum mass M, is about three per cent lessthan My. Noreasonable value of 
\ can lead to a large percentage difference between M, and M,, or between R, and 
R’. For example, the density would have to increase by a factor of six at the 
critical pressure if Ry and R’ are to differ by 30 percent. The density is unlikely to 
increase by this amount at a phase transition, even if one phase is metallic and the 
other non-metallic. The jump in density at the boundary of the Earth’s core is not 
known precisely, but it probably corresponds to a value of A slightly less than two (3). 
Using Bullen’s (3) estimate of the density distribution within the Earth, it is found 
(1) by numerical integration that Ry is about 6300 km. and M, is about 80 per cent 
of the mass of the Earth : 


R, =6300km., M,=0-80 Mg. (20) 


Adopting these values in Table I, it follows that the difference (Rj — R’) is about 
110km., and the mass range (M,— M,) is about 0-02 My. Numerical integration 
on the basis of Bullen’s density distribution indicates a difference (R,—R’) 
somewhat larger than that given by Table I, and a mass range (M, — M,) somewhat 
smaller; the discrepancy arises from the assumption that the planets are composed 
of an incompressible material. But, for qualitative considerations and for rough 
numerical calculations, Table I gives a fair representation of the terrestrial 
planets. A planet whose mass lies in the critical range (18) can exist in 
configurations whose total radii differ by as much as 100km. For example, the 
planet whose mass is M, can exist without a core and with a central pressure p,, or 
with a core and with a central pressure 1-55 p,; it will be seen from Table I that the 
total radius of the former configuration is about 100 km. greater than that of the 
latter. Ifa planet were to switch over from one such configuration to another, the 
surface movements would be of the order of lookm. The magnitude of such an 
upheaval is so great that it cannot be thought of in terms of earthquakes; the 
surface movement in an earthquake is, at most, a few metres. 


TABLE I 

(A=2) 
R,/Ro R/R, M/M, 
0°949 0°854 
ae 0°975 0926 
0000 1*000 1°000 
o'158 o'9g1 0°979 
0°224 0'986 0°970 
0°274 0°983 ° 971 
0°316 0982 0979 
0°354 07982 0°992 
0°387 0°984 IOI! 
0°447 o'9gI 1°062 
0*500 1°000 I*I25 


ee 


7. The total energy E of a planet will now be calculated as a function of its total 
mass M, its total radius R, and the radius R, of its core. The ultimate aims of this 





No. 4, 1950 On the instability of small planetary cores 331 


calculation are to investigate the stabilities of the three configurations represented 
by the points A, B and C in Fig. 1, and to estimate the energy which would be 
liberated if a planet were to undergo a transition from one such configuration to 
another. The zero of energy will be chosen to correspond to the material of the 
planet being dispersed at infinity and at zero pressure. The total energy EF 
required to form the planet can be divided into two parts : 


E=E, + Ey. (21) 


This division corresponds to the fact that, in general, the placing of an element of 
material into its position in the planet involves two distinct processes. First, the 
physical conditions (in this case, the pressure) must be adapted to those prevailing 
in the planet; this gives rise to the term E,, in equation (21). Second, assembling 
the planet from the material dispersed at infinity alters the gravitational potential 
energy by an amount E,, which is the second term in equation(21). As the material 
is assumed to be incompressible, the application of a pressure less than the critical 
pressure does not require energy. But at the critical pressure p, the material 
collapses into the high pressure modification, and the work done per unit mass is 


€p =(A—1)Pel Abo. (22) 


The energy required to convert sufficient material into the high pressure 
modification to form a planetary core of volume V, is 


E, =(A- 1)p,V.. (23) 


No energy is required to increase the pressure beyond p,, as the high pressure 
modification also is assumed to be incompressible. Equation (23) therefore gives 
the first term in equation(21). The second term £, can be evaluated by a standard 
procedure, and it can be written in the form: 


Eg Ai a M?G /R) Het B(A ee 1)peVey (24) 
where G is the constant of gravitation. The total energy Z is therefore 
E= — 3(M?G/R) + 8A—1)p-Ve, (25) 


where V, is the volume of the core and is to be put equal to zero if there is no core. 
8. The stability of a planetary configuration can be investigated in the following 

manner. Suppose that asmall pressure 7, is applied to the surface of the planet, so 

that the total radius changes by AR. The work done by the applied pressure is 


AE = —27R*x,AR. (26) 


The applied pressure 7) can equally well be maintained by an added surface layer of 
thickness 5, where 


m= (MG/R*)p99. (27) 
The mass of the added layer is 
5M =47R‘n,/ MG. (28) 


But the addition of this layer leads to a planet of mass (M+6 M) in equilibrium, and 
its total radius is therefore (R+5R), where 


8R=(dR/dP)(dP/dM)SM, (29) 
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where the derivatives (dR/dP) and (dM/dP) refer to planets in equilibrium and are 
given by equations (8), (9) and (15). But the radius of the planet must also be 
(R+AR+85); hence 

AR+8=(dR/dP)(dP/dM)5M. (30) 


Eliminating 5 and 5 M with the aid of equations (27) and (28), equation (30) becomes 
7) = —po( MG/R*){(dM/dP) — 47R*p,(dR/dP)}"\(dM/dP)AR, (31) 


which gives the applied pressure 7 in terms of AR, the change in the total radius. 
Inserting this expression for 7), equation (26) becomes 


AE = 2m MGpo{(dM/dP) — 47R*%p,(dR/dP)}-(dM/dP)(AR)?, (32) 


which is the energy required to change the total radius by AR. If there is a core, 
the factor in curly brackets in equation (32) is 


(dM/dP) — 4nR%po(dR/dP) = 47 R%(A—1)po(dR./dP), (33) 


which is always positive on account of equation (g). If there is no core this factor 
is exactly zero, as the material is assumed to be incompressible. But when the 
assumption of incompressibility is replaced by one of small compressibility, the 
factor concerned is small and positive. Hence the factor in curly brackets in equation 
(32) is always positive, so that AF invariably has the same sign as (dM/dP). The 
configuration is stable against small radial perturbations if AE is positive, and it is 
unstable if AE is negative. Hence the configuration is stable if (dM/dP) is 
positive, and it is unstable if (dM/dP) is negative. The configurations A and 
C in Fig. 1 are therefore stable, and B is unstable. This result is just what 
one would expect on the basis of Poincaré’s principle of the exchange of 
stabilities (5). This principle asserts that if a system has one stable equilibrium 
state for certain values of a parameter A, and if this state branches into three 
equilibrium states as A is varied, then the two extreme states will be stable and ° 
the intermediate state will be unstable. This result has a simple geometrical 
interpretation in the energy-total radius diagram ; a minimum can branch only into 
two minima separated by a maximum (cf. reference (6) ). All configurations on the 
branch YX’ in Fig. 1 are unstable, and these are the configurations with the smallest 
cores; for this reason the phenomenon is referred to as “the instability of 
small cores ”’. 

g. Fig. 2 shows schematically the dependence of the total energy E of a planet 
on its total radius R. The letters A, B, etc. refer to the same equilibrium 
configurations as in Fig. 1. The middle curve corresponds to a general mass M in 
the interval 


M,< M< M,. (34) 


There are three equilibrium configurations A, B and C, of which A and C are stable 
and Bis unstable. The energy of configuration A may be greater than that of C, 
or it may be less. A small disturbance could not cause a transition from A to C, or 
from C to A, because of energy barrier. A transition could occur during a collision 
with another planet. But a collision with another planet is very unlikely, even 
during the lifetime of a planet. Internal stresses, such as those developed by 
thermal expansion, are much too small to cause atransition. The central pressures 
of configurations A and C differ by a large fraction of the critical pressure, which is 
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about 1-4 million atmospheres for the change in phase at the boundary of the 
Earth’s core. The strengths of the materials would not allow a deviation from 
hydrostatic conditions by anything approaching the order of magnitude of a million 
atmospheres. It would therefore appear that a planet can remain indefinitely in 
either configuration A or configuration C. The mass values M, and M, are special 
cases. The relationships between the total energy E and the total radius R for 
these masses are shown separately in Fig. 2; the top curve refers to the mass Mp, 
and the bottom curve to the mass M,. For the mass M, the configurations A and 
B coalesce into Y, and for the mass M, the configurations B and C coalesce into X’. 
In both cases a maximum and a minimum in Fig. 2 coalesce to give a point of 
inflection. This is evident from equation (23); the derivative (dM/dP) vanishes 
for the configurations X’ and Y, and so the second derivative (d?E/dR*) also 
vanishes. Y’ is the only stable configuration of a planet of mass Mg, and X is the 
only stable configuration of a planet of mass M,. 





Total 
Energy 











Total Radius 


Fic. 2.—The total energy E of a planet as a function of its total radius R. The top curve refers 
to.a mass Mg, the bottom curve to a mass M,, and the middle curve to a general mass in the range (34). 


10. Consider next the difference in energy between two configurations of the 
same planet. This can be evaluated directly from the general expression (25) for 
the total energy E of a planet in equilibrium. As an example, consider the 


configurations Y and Y’ of the planet whose mass is My. The total energy of 
configuration Y is 


E, = — 3(M3G/R,). (35) 


Let the energy of configuration Y’ be (E,+A£,). It follows from equation (25) 
that 

AE,/ Ey = {1 — (A—1)(R,/Ro)?}-¥8 — {1+ $A-I(R/Ro)*}, (36) 
where R, is the radius of the core in configuration Y’. The ratio (AE,/E,) is very 
small for all reasonable values of A. For A equal to 2, the case treated in Table I, 
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(AE,/E,) is somewhat less than 0-1 per cent. But in absolute value AE, is very 
large. Using the constants (20) corresponding to the terrestrial planets, E, is 
about I-5 x 10*ergs; consequently the energy difference AE, is approximately 


AE,=10* ergs. (37) 


Earthquakes, on the average, release about 10% ergs per year. At this rate the 
energy (37) is about equal to the total energy released by earthquakes during the 
whole of geological time. This gives some idea of the catastrophic consequences of 
a transition of a planet from one configuration to another. The energy released by 
an atomic bomb is about 10" ergs. The energy difference between configurations 
X and X’ of a planet of mass M, can be calculated in the same manner, and it is 
approximately equal to AE, above. The energy difference for the terrestrial 
planets will be greater than that given by equation (37) because of compression. 
The compression is greatest in the core, and this effectively increases the value of 
the constant A. The energy difference (36) is rather sensitive to the value of A. 
If A is increased from 2 to 3, then (AE,/E,) is increased from 0-I per cent to 3 per 
cent. As the jump in density at the boundary of the Earth’s core is not known 
precisely, the value of AZ, for the terrestrial planets is subject to considerable 
uncertainty. But the energy difference is probably sufficient to remove from the 
surface of the planet a mass between 0-001 My, and 0-01 My, My, being the mass 
ofthe Earth. The latent heat associated with the change in phase at the boundary 
of the core will also make a contribution to the energy difference AE,. But neither 
the sign nor the magnitude of this latent heat is known (2). Special attention is 
being paid to the transitions from X’ to X and from Y to Y’ in Figs. 1 and 2, as it 
will be shown below that these transitions may have occurred during the evolution 
of the solar system. 

11. No attempt will be made in this paper to give a quantitative treatment of 
the transition of a planet from one configuration to another. Indeed, a detailed 
treatment is probably impossible at the present time. The scale of the problem, 
the magnitude of the energy released, and the temperatures and pressures prevailing 
in the interiors of the planets require dubious extrapolations from the familiar 
conditions of controlled experiments. A description of the transition is therefore 
necessarily tentative. Temperature changes need not be considered in a qualitative 
discussion as thev are not of fundamental importance. Indeed, a planet which is 
initially at the absolute zero of temperature will remain at zero temperature 
throughout the transition. This is a consequence of the fact that, at the absolute 
zero, the temperature is not affected by an adiabatic alteration of the pressure. 
In other cases the temperature will change during the transition, and this will have 
a small influence which should be taken into account in a quantitative treatment. 
It has been pointed out above that the ceatral pressures of the initial and final 
configurations differ by about a million atmospheres. On the other hand, the 
strength of a solid is only of the order of magnitude of a thousand atmospheres. 
For these large pressure differences the planet will therefore behave, roughly 
speaking, as though it were liquid. ‘The time taken for the transition from one 
configuration to another will be very short. For example, consider the transition 
from configuration Y to configuration Y’, in which the planet collapses and its 
total radius shrinks by about 10o0okm. The time taken for the collapse is greater 
than, but still comparable with, the time taken for a free particle at the surface of 
the planet to fall through 100 km. under gravity, that is, a matter of minutes or, at 
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most, hours. In this short space of time an energy of 10* or 10°” ergs is liberated. 
In the transition from Y to Y’, in which the planet collapses, this energy is supplied 
by the gravitational field. In the transition from X’ to X, in which the planet 
expands, the energy is derived from the work done by the internal pressure during 
the expansion. The energy liberated will, initially, be partly in the form of blast 
waves and partly in the form of vibrations of the planet asa whole. Inapreliminary 
study of the dynamics of the transitions, Lighthill finds that in the transition from 
Y to Y’, in which the planet collapses, almost the whole of the energy liberated goes 
into planetary vibrations, But in the transition from X’ to X, in which the core 
disappears, a large fraction of the energy goes into blast waves. ‘The pressure 
amplitude of these waves will be hundreds of thousands of atmospheres. The 
blast waves will travel through the planet and be reflected at the outer surface. 
But the surface of the planet will not be a good reflector of these waves. The 
material on the surface will be shattered by the sudden impact of such large 
pressures and fragments may fly off the planet into space. A large fraction of 
the total energy released may be used to remove fragments from the planet, and 
so the mass of the material removed may be of the order of magnitude of 0-001 My. 
It is tentatively suggested that this mechanism may have been responsible for 
meteorites, and possibly also for the asteroids. 

12. This mechanism to account for meteorites and asteroids is based on the 
assumption that, at some time during the evolution of the solar system, one of the 
terrestrial planets was in a position to undergo a transition from one configuration 
to another. It will now be shown that this assumption is not without foundation. 
So far in this paper little attention has been paid to the thermal conditions prevailing 
in the interior of the planet. Our knowledge of the thermal histories of the 
planets, including the Earth, is, at present, very rudimentary. But one point is 
clear. ‘The temperatures in the deep interior have varied considerably during the 
planet’s evolution, probably by more than 10,000 deg. C. ‘This conclusion is not 
based on a particular theory of the origin of the solarsystem. If the planets were 
formed from material ejected from a star, an enormous decrease in temperature 
is inevitable. On the other hand, if the planets were originally cold they would 
be heated by radioactivity. Assuming that the planets have the same overall 
radioactive content as meteorites, the heat generated during geological time is 
sufficient to raise the temperature of the planet by more than 20,000 deg.C. Some 
of this heat will, of course, escape as radiation from the surface. But the major 
part of the heat will be retained if the planet was originally cold. It may therefore 
be assumed that the mean internal temperature 7 of the planet has changed by at 
least 10,000 deg. C. during its evolution. ‘This change in temperature will have 
an important bearing on the phenomenon discussed in this paper. The critical 
masses M, and M, will be functions of the internal temperature 7, and so also of 
time. ‘The critical mass range will be 


M,(T)<M<M,(7). (38) 


For any given internal temperature 7, the previous treatment is applicable. 
A planet whose mass M lies in the critical range (38) has three possible equi- 
librium configurations which are represented by the points A, B and C in Figs. 1 
and 2; configurations A and C are stable, and B is unstable. But, as M, and M, 
now vary with time, a planet whose mass lies in the critical range at one time need 
not lie in the critical range at another time. And a planet could cross through 











i 
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the critical range, either from left to right or from right to left. Ifa planet crosses 
the critical mass range in either direction, it will undergo a transition of the type 
described in the previous paragraph. First, consider a crossing from left to right. 
Initially the planet’s mass is less than the critical mass M,(7), and its only possible 
equilibrium configuration lies on the branch YX of Fig. 1. When the planet 
enters the critical mass range its configuration is represented by the point X. As 
the internal temperature varies, the planet’s configuration effectively moves along 
the branch XY of Fig. 1, and it reaches Y when its mass M is equal to the critical 
mass M,(7). But configuration Y is unstable, and the planet undergoes atransition 
to configuration Y’. The consequences of this transition are as described in the 
previous paragraph. Second, suppose that the planet crosses the critical range (38) 
from right to left. Initially its mass is greater than the critical mass M,(7), so that 
its configuration lies on the branch X’Y’ of Fig. 1. As the internal temperature 
varies, the planet’s configuration effectively moves towards the point X’, and it 
reaches X’ when its mass M is equal to the critical mass M,(T). But configuration 
X’ is unstable, and the planet undergoes a transition to configuration X. Thus both 
of the planetary transitions described in the previous paragraph could be realized in 
nature. 

A reasonable variation in the internal temperature, such as 10,000 deg. C., can 
change the critical masses M, and M, only by a small percentage. But the 
change is nevertheless larger than the mass difference (M,— M,). For example, 


consider the critical mass My. According to equation (2), M, can be written in the 
form: 


My =(6/7)"*(p./G)>*po*, (39) 


where the critical pressure p, and the density py are functions of the internal 
temperature 7. Unfortunately, the relationship between critical pressure and 
temperatureisunknown. Thissituation is inevitable when nothing is known about 
the latent heat associated with the phase transition at the boundary of the core; 
the Clausius-Clapeyron equation connects this latent heat with the temperature 
derivative of the critical pressure. One is not even in a position to say if the 
critical pressure is an increasing or a decreasing function of the temperature. 
Kronig, de Boer and Korringa (7) estimate that a change in temperature from 
absolute zero to 5000 deg. C. would not have a noticeable effect on the critical 
pressure for the formation of metallic hydrogen. This is probably true of every 
transition to a metallic phase at very high pressures. But a change in the critical 
pressure of a few per cent on increasing the temperature by 10,000 deg. C. would not 
be surprising. ‘Temperature probably influences the critical mass M, mainly 
through the density pp, which is altered by thermal expansion. The coefficient 
of cubic expansion of common rocks under laboratory conditions is about 
2°5 x 10° per deg. C. The coefficient of thermal expansion increases slightly 
with temperature, but it decreases rapidly with pressure. At the temperature 
and pressure at the boundary of the Earth’s core the coefficient of thermal expansion 
is probably an order of magnitude smaller than under laboratory conditions. 
Nevertheless, a change in temperature of 10,000 deg. C. could alter the effective 
value of the density py by 5 per cent, and so the critical mass M, by 10 per cent. 
For the present purposes it is not essential to know precisely by how much the 
critical masses M, and M, have changed during geological time. It is sufficient to 
know that the changes have been appreciable. 
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13. For the terrestrial planets the critical mass M, is about 0-80 Mz, My being 
the mass of the Earth (cf. equation (20)). This is smaller than the mass of Venus, 
which is 0-817 +0-005 My. But the difference is only 2 per cent, and M, could 
easily have changed by this amount in the course of geological time. Venus might 
therefore have undergone a transition of the type envisaged. Ifthe mass of Venus 
has crossed the critical range (38), it must have been in the direction from left to 
right, as the mass of the planet is now greater than the critical mass My. This 
would lead to a transition of the type YY’ in Figs. 1 and 2, in which the planet 
collapses and a core is formed. Lighthill estimates that almost the whole of the 
energy released by this type of transition goes into radial vibrations of the planet. 
This energy will not be available to remove material from the surface of the planet. 
If the whole of the energy released were utilized to remove fragments from the 
surface of the planet, the mass of material removed would be of the order of 
magnitude ofo-oor1 My. But the existing evidence suggests (8) that the aggregate 
mass of the asteroids is also about 0-001 M,. It therefore seems certain that the 
planetary transition suggested for Venus could not account for the asteroids. But 
this transition might account for meteorites. It is an open question whether all 
meteorites belong to the solar system, but let us suppose that they do. The total 
annual amount of meteoric material collected by the Earth is estimated to be about 
360 tons (8). Assuming that meteorites are uniformly distributed over a sphere of 
the same dimensions as the solar system, it follows that the aggregate mass of 
meteorites is only about one-millionth of the mass of the Earth. During geological 
time the planets have swept up only a small fraction of the total number of 
meteorites. The planetary transition suggested for Venus could account for 
meteorites, even if only 0-1 per cent of the energy released was available to remove 
fragments from the surface of the planet. 

A planetary transition of the type X’X, in which the core disappears, would be 
required to account for the asteroids. The possibility of such a transition cannot 
be excluded. In addition to the main core, the Earth also possesses an inner core 
about 1200km. in radius. The author (2) has explained the inner core in terms 
of a second phase transition of the type responsible for the core. Little is known 
about the jump in density at the boundary of the inner core; it may or may not 
exceed 50 per cent. If it does exceed 50 per cent, a planet could undergo a 
transition of the type X’X, in which the inner core disappears. Because of their 
masses, Venus and Pluto are the most likely candidates for this particular planetary 
transition. There is also the possibility that the Earth has lost a third innermost 
core. 

Note added in proof.—Kuiper (9) has recently resolved the disk of Pluto for 
the first time, and he estimates its radius to be about one-half of that of the 
Earth. This radius corresponds to a mass of 0:07 Mg, which is an order of 
magnitude less than the previous estimates based on the perturbations of Neptune. 
The central pressure in a planet of this mass could not support a central core, 
and a planetary transition of the type envisaged is therefore out of the question. 

14. The idea of an “‘ exploded ”’ planet or a planet “ spoiled in the making ”’ 
has been current for about a century. This has been considered necessary to 
account for meteorites. It is also suggested by the irregular shapes and rough 
surfaces of the asteroids. But this view could not be accepted, as there was no 
known reason why a planet should explode. The mechanism suggested in the 
present paper overcomes this difficulty. The mechanism is both possible and 
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plausible. To this extent the old idea of an “ exploded ”’ planet has been given 
substance. But one cannot assert that either asteroids or meteorites did, in fact, 
originate inthis way. The extreme complexity of the problem prevents a complete 
quantitative treatment which might give a definite answer. The present work 
should be regarded as re-opening, rather than closing, the question of the origins 
of meteorites and asteroids. 


The Physical Laboratories, 
The University, 
Manchester, 13: 
1950 April 11. 
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ON THE INSTABILITY OF SMALL PLANETARY CORES (II) 
M. }. Lighthill 


(Communicated by W. H. Ramsey) 
(Received 1950 April 13) 


Summary 


The property that, for a spherically symmetrical planet in which the 
density is a function of the pressure, three states of equilibrium are possible 
in a certain range of values of the total mass, is shown to hold whenever the 
density is continuous up to a critical pressure p,, at which (owing to a change 
of phase) it rises discontinuously by a factor exceeding 3. The question of 
transitions between the states is briefly discussed. 





1. Introduction.—For a spherically symmetrical planet at rest, in which the 
density p is a specific function p(p) of the pressure p, the equation 


dp _ 
P= -ol 


)S |" plp)anr%dr () 


(in which G is the gravitational constant and r represents distance from the 
centre) determines the pressure distribution p(r) uniquely in terms of the 
pressure at the centre p(0)=f ). Hence the whole configuration is determined 
when fy is known, including the mass M of the planet given by the equation 


M= | p(p)gmtdr= — cao (t),_." (2) 


in which R is the least value of r for which p =0 (i. e. the radius of the planet). 

But it was shown in Part I that for a certain equation of state (p =p, foro<p<p,, 
p=Ap, for p>p,, with A> $) the mass M does not determine the pressure at the 
centre py uniquely, but that for some values of M three possible configurations of 
the planet exist, of which either the one with largest p) or the one with smallest py 
is the most stable. Planets with very small cores are in the least stable of three 
such configurations. 

It will here be shown that for any equation of state which is continuous up 
to a critical pressure p,, where a phase change causes a jump in density by a 
factor exceeding 3, there will be three statically possible configurations for 
certain values of the mass M. 

The precise result to be proved is as follows. Jf p(p) is continuous for 0 <p <p, 
but takes a value Ap, (where p,=p(p,) for p just greater than p,, then in the depen- 
dence of the mass M on the central pressure py the gradient dM/dp, is changed 
discontinuously by a factor (3—2A)/A* at py=p,. The same will be true of the 
gradient, with respect to pp», of any other physical quantity (such as the radius R) 
which depends on the bulk properties of the planet. For it will be shown that, 
for Pp =p, +5, where 5 is small, the configuration, at distances from the centre 
large compared with the radius of the (small) core, is the same as if no change of 
phase had occurred (with the continuous equation of state p =p(p) extrapolated 
if necessary beyond p =p,) and as if the central pressure were p, + [(3 — 2A)/A7]6. 
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From the italicized result it follows that for A> the gradient dM/dp, changes 
sign. Hence, if, on the one hand (as is presumably normal), M increases with pp 
for po just less than p,, then M must decrease as py rises above p,. Assuming that 
finally M must increase again, i.e. M->0o as py->oo (because it is physically 
unacceptable that a finite mass could statically support an infinite pressure), 
there must be a band of values of M, bounded above by the value M, given by 
Po=P. for which at least three configurations exist—one with no core (i.e no 
material with p>p,), and two with cores, one smaller and one larger. 

Poincaré’s familiar arguments, which he incorporated in his “ principle of 
exchange of stabilities”’, make it clear that the inner of these three states of 
equilibrium (the one with the smaller core) is unstable and that the outer two are 
stable, because the only possible form of the energy curves is as indicated in 
Fig. 2 of Part I. As the critical mass range M,< M< M, alters by change of 
temperature, the central pressure could approach the critical value p, (so that 
M approached M,) from below through stable states of equilibrium, but after 
this the planet would make a sudden transition to the only state of equilibrium 
with a mass just exceeding My. ‘This state has already a non-small core. 
Conversely a planet with a core might slowly alter its state until its mass reached 
the value M, at which the core radius has shrunk to the instability point, and 
then in a sudden transition the core would disappear, and the stable state without 
a core would appear. The dynamics of these transitions is being investigated. 
Preliminary considerations indicate that only in the transition where a core 
disappears does the energy released become (at any stage) so concentrated locally 
as to make it likely that a substantial part of it could go into release of matter from 
the planet’s gravitational field. 

If, on the other hand, M is already decreasing (as a function of pp) for po just 
less than p, (it is possible that this might occur—for example, if the equation of 
state up to p=p, included a rapid but not discontinuous jump by a factor 
exceeding }), then it must immediately increase again as pp rises above p,. Since 
M originally increases from zero at pyp=0, there must in this case be a band of 
values of M, bounded below by Mg, for each of which at least three configurations 
exist—two with no core and one with a core. In this case a small core would 
presumably be stable. 

2. Proof of the results —The solution of equation (1) with py =p, is assumed 
known, say p=P(r). An approximate solution is sought with p)=p,+5, 
where 4 is small. 

Then in the small core in which p>p, (and therefore pAp,) equation (1) 
becomes approximately 


dp _ 
* ae 


G 
— dps Apgar? = — $aGXpir. (3) 


Hence by integration p=p,+5—%GA*p?r?, and the radius of the core 7, is 
given by the condition p(r,)=p, as 


=i (25): ° 


The conditions for r just greater than r, may now be written down (remembering 
that here p =p, so that (3) is not quite the right approximation to (1)) as 


d G , e 
P=Pes f peiiei: os Ap $e ae ae $7GApir,. (5) 
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For r>r, equation (1) will be used in the differentiated form 


d/[{r dp ; 5 
, (55 -) = —4nGr'(p), (6) 


and in this region p(p) is a continuous function. The boundary conditions (5) 
holding as r->r,, determine a unique solution to equation (6) in r>r,. 

Now since these boundary conditions differ only slightly from those (p=p, 
and dp/dr=o at r=o) which determine the solution P(r), it is permissible to 
put p=P(r)+TII(r) in (6) and deduce a linear equation for I(r) by neglecting 
squares of II(r) (or products of itself with its derivatives). Thus we may write 


df,  P()+0() 7 _ tenia. eaaia 
ral APs Hep Pay | =~ A7GrlO(PO+ Hee POM =) 





and, remembering that P(r) itself satisfies (6), and collecting the terms in (7) 
which are linear in IT (while discarding quadratic ones), deduce that 


df.,f 1 dil P’p(P) as < 
a ee Seg oe eens =— 8 

dr |" (WP) dr ~ XP) n} | OTT ” 
The only fact needed about this linear equation for II is that it possesses two 


linearly independent solutions, of the form 
T® =7-1 + 1G r+ 7? +..., 
1 = 1 + Or + 1272+... 


(9) 


To prove this it may be verified that the equation for y=rII/p(P) takes the 
considerably simpler form 


d*y ; 
mt 47Gp( P)p'(P)y =0, (10) 
in which the coefficient of y is finite for all r since P(r) <p, for allr. Hence y 
possesses a solution with arbitrary values of y(o) and y’(0), which general solution 
to the linear equation (10) may be put in the form 


ril =p(P)y =Alr+ 19? +19 +...]+ Bir+ Pr? + WPF +...], (11) 


giving linearly independent solutions for II as in (9). 
The combination of solutions (9) which is here required is determined by the 
boundary conditions. Since at r=r, 


P+I=p,, P!+IMl' = — §1Gapir,, 
P=p,— §xGpiri, P’=— g7Gpir, 


(by (5), and by approximating equation (1) for P under the condition P(o) =p,), 
the boundary conditions on II are that, at r=r,, 


I= §nGp¥r2, Il’ =$nG(1—D)pir,. (13) 


Hence if IT=AII%+BII®, so that Il=Ar-!+B for small r, we have 
approximately 


(12) 


A e 99 Y : 
3 +B= gaGpir-, -== g7G(I ire A)pires (14) 
c 
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whence, using (4), 


=4 eee © BR . 
A=$7G(\—1) 55 (35) 


B = 3nGp?r? + $4G(1 —A)pir? 


—2r. 
=* x 5. (16) 
Now, for small 5, A is small compared with B. On the other hand, II and 
II are independent of 5 and are ordinary finite functions when r is not small. 
Hence the configuration, outside a region r = O(5"*)*, is given approximately 


by Il = BII®, i.e. 
p=P(r)+ BIL@(r). (17) 


Now this is a solution not only of the differential equation (6) but also of its 
integrated form (1), since r°dp/dr is zero at r=0. Hence it is simply a solution 
of the problem of a planet with p)=p,+ B and with the continuous equation of 
state p=p(p)(0<p<p,) extrapolated beyond p =p, if necessary. 

In other words, as stated in the introduction, the configuration at distances 
from the origin large compared with the radius of the core is the same as if no 
change of phase had occurred and the central pressure were p,+ [(3 —2A)/A*]8. 

In particular the radius R, where p=0, and the mass M given by (2), will be 
the same as if this were so. Thus 


2 


MM,+ 3 s|F | (18) 
Po=P-—0 


dpy 

Hence dM/dp, changes discontinuously at pp =p, by a factor (3 — 2A)/A*. 

As shown in the introduction this implies that three configurations are 
statically possible, in a certain range of values of the total mass, whenever A>. 


Department of Mathematics, 


The University, Manchester, 13: 
1950 April 11. 


* Wherein the r~! in 11) makes AM™) comparable with BIT’), 





OBSERVATIONS OF THE BRIGHTEST REGIONS OF 
THREE DIFFUSE NEBULAE 


A. D. Thackeray 


(Received 1949 September 26) 


Summary 


Observations, by direct photography and spectroscopy, of the three 
diffuse nebulae M16, M2o and M8 are presented and discussed, with special 
reference to the bright rims around associated dark lanes. 

The spectra of the rims are found to consist of a strengthening of the 
nebular spectrum. The ratio HB/N1 is greater at or near the rims. Weak 
continuous spectrum is found in the brightest rim of M16. 

Qualitative evidence is presented that the dark matter is moving inwards 
towards a central star or stars against the bright nebulosity. 

The brightest part of M8 reveals a complex structure intimately associated 
with faint stars. A green photograph, avoiding emission lines, reveals nuclei 
which may be stellar. There is a strong continuous spectrum, in addition to a 
nebular spectrum with permitted lines enhanced relative to forbidden. 





1. This paper describes observations with the 74-inch Radcliffe reflector 
of the three well-known diffuse nebulae M16 (NGC 6611), M8 (6523) and of the 
Trifid M20(6514). The main purpose of the investigation was to study the 
bright rims which are observed surrounding the dark lanes which are projected 


against these diffuse nebulae. M16 is probably the best example of a nebula 
rich in such rims, of which the “ Horse’s Head” (IC 434) is a familiar instance. 
The Eta Carinae nebula also displays a number of good examples, but it is such 
an extensive and complex object that further observations are required before 
they can be discussed. 

The observations have been made (a) by direct photography at the Newtonian 
focus (scale 22:5 seconds of arc per mm.) with various emulsions and colour 
filters, and (6) spectroscopically, also at the Newtonian focus. The spectrograph 
employed is a fast two-prism instrument with collimating mirror and f/1 Schmidt 
camera by Cox, Hargreaves and Thomson Ltd.; the spectrograph box was made 
in the workshops of the Observatories, Cambridge, with the kind cooperation of 
Professor Redman, who also assembled and tested the spectrograph at Cambridge 
before it was despatched to Pretoria in 1949 April. ‘The writer’s thanks are due 
to Messrs Cox and Hargreaves and to Professor Redman for the speed with which 
work on this instrument was completed, which enabled it to be in operation about 
a year after agreement on the final specifications. The dispersion of the spectro- 
graph is 240A./mm, at Hy and spectra of fine definition can be obtained on film 
disks, of about 8 mm. diameter, covering the range 5900 to 3727. The original 
film-retaining ring was modified to extend the region so as to include the important 
nebular lines at 3727 A. which appear frequently despite the rather heavy absorp- 
tion at this wave-length in the glass prisms. No attempts at radial velocity 
measurements in these diffuse nebulae have been made, and in fact no comparison 
spectrum was normally impressed, since it was rather important that the whole 
length of the spectrum lines should be available for study. 
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In Table I are listed details of the various direct photographs and spectra of 
the three nebulae. In the following sections the results of measures of selected 
portions of the three nebulae are presented separately. 


TABLE I 
Observations of M16, M20 and M8 
Direct Photographs: 
Dete Emulsion _ Filter Exposure 
(1949) (mins.) 
A371 July 21 M16 I.A.Z. Urs 30 
372 21 M16 103 AE W 12 30. =O Plate 4 (a). 
383 28 M16 103AO iss 20 =. Calibrated. 
384 28 M16 103 AE W is 40 ©. Calibrated. 
391 13 M8 103 AE W 12 30 ~©3©-s Centre blacked out. 
395 20 M16 103AO W 18A 40 = Ulttra-violet. 
402 25 Mazo O-E bea 10 = Plate 5 (a). 
411 27 Ma2o 103 AO W 18A 30. ~=3—S— Ultra-violet. 
412 27. Mz2o O-F W 58 30 Green; no nebula shown. 
413 29 M8 O-E W 25 5 Red; Plate 6 (a). 
414 29 M8 O-F W 58 30 «Green; Plate 6 (6). 
415 29 M16 103 AO W 58 25 Green; no nebula shown. 
422 31 M8 103 AO W 58 15 Nebula(N-+continuous)shown. 
423 31 M8 O-E W 25 14 Red; nebula shown. 


Plate Remarks 


Spectra (Emulsion: R55, orthochromatic) : 
Film Date Slit Exposure Object 
(1949) (mm.)  (mins.) 
NS 72 July 30 “15 40 M16;rimA 
73 30 “15 60 M16;rimB 
76 Aug. 1 15 M16; rim C 
79 3 10 M16; rim B 
94 15 12 M16; rimA Plate 4 (5). 
95 15 15 M16; region D 
IOI 22 "75 M16; rimA Wide slit; continuous spectrum. 
102 22 15 M8 Across Herschel 36. 
107 25 15 M20 Slit EW; brightest part. 
108 27 15 M20 Slit p.a. 72° crossing rim; Plate 5 (6). 
109 15 M8 10” S. of Herschel 36; Plate 6 (c). 
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M16 (NGC 6611) (Plate 4 and Fig. 1) 


This remarkable nebula and cluster have been described by Duncan.* 
Perhaps its most outstanding feature is the central dark area divided into three 
roughly parallel portions which point in the S.E.-N.W. direction towards the 
cluster. Each of these dark lanes ends abruptly in a bright rim whose brightest 
portion lies nearest to the cluster. ‘The most northerly appears to be partly veiled 
by bright foreground nebulosity near the star which lies in a bay between this and 
the next dark lane. This star, which we denote X, and which serves as a reference 
point in these observations of M16, lies 51” preceding and 72” south of the star 
AG 6241.¢ The brightest area in the whole nebula, lying about 1’ of arc N.W. 
of X, does seem to mark the end of the northern lane, and this area which we denote 
‘region A”’ has received most attention. Region B refers to the bright tip of the 


* J.C. Duncan, Ap. F., §1, 4, 1920; and Mt. Wilson Contr., No. 177, 1920. 
t Trans. Yale Obs., 14, 1943. SDM —13° 4932 in Duncan’s list of stars. 
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(a) M16. 
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(b) Rim A and reference star. Scale along lines same as for (a), east at top. 


A. D. Thackeray, Observations of the Brightest Regions of Three Diffuse Nebulae. 
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(a) M2o. Scale 2"-7=1 mm, 


(6) Spectrum of rim with slit orientated p.a. 72° as indicated in Fig. 4. 


Scale along lines : 6"-35=1 mm., east at top. 


A. D. Thackeray, Observations of the Brightest Regions of Three Diffuse Nebulae. 





Mc ~Hty Notices of R.A.S. Vor. 110, Prate 6. 


(a) Red. M8. Scale 2”:1=1 mm. 


03727 [Ne lit] 
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. 
(c) M8. Spectrum of southern half of nucleus. 
Scale along lines : 6"-3=1 mm., west at top. 
A. D. Thackeray, Observations of the Brightest Regions of Three Diffuse Nebulae. 
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second dark lane almost due west of X; region C refers to the bright rim on the 
northern side of the dark circular patch 6’ south of the cluster. (Fig. 1 shows 
the positions of the slit as used in these various regions.) 


) 





~19°4937 











Fic. 1.— Sketch of M16 showing positions of slit in regions A, B, C and D. 
Transitions from bright to dark areas are outlined; shadings indicate the dark side to emission rims. 


The approximate coordinates of the centre of the slit relative to the star X 
where spectra of these various regions were obtained are given in Table II. 
The slit was always set due east-west partly because this facilitated more precise 
definition of where the slit actually lay, and partly because more precise guiding 
could be attained. There is at present no means of viewing the slit during 
exposures, and guiding was done by means of one of the offset eyepieces normally 


TaB.e II 


Coordinates of regions in M16 studied spectroscopically relative to star X and positions in 
millimetres from edges of Plate 4 
Region Aa As Position in Plate 4 
° ° R50 Bs6 
— 42" + 45” R56 Bso 
Ref. Star Y near A —126 + 45 L46 Bso 
— 60 — 6 L56 Bs7 
—221 — 189 L32 Ts52 
—240 +200 L30 B35 


25* 
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used on the Newtonian breechpiece. But with careful setting the position of 
the slit can be defined to within a few seconds of arc, especially if there is a star 
as bright as 12™ at hand which can be viewed directly through the spectrograph. 
The spectra of region A show the narrow spectrum of a moderately faint star 
(which we denote Y) 84” preceding the bright rim and this served as a useful 
reference point in measuring the spectra. The spectra of region B could similarly 
be referred to the bright star X, some of whose light entered the slit. 

Visual inspection of the spectra showed at once that the nebular lines N1, N2, 
HB and y, and [OII] 3727 (when shown) all increase in intensity at the rims. 
Although these small films are hardly suitable for microphotometry, and no means 
of laboratory calibration has yet been devised, they have been run through the 
Radcliffe microphotometer and an attempt made to study the intensity variations, 
using as basis the ratio N1/N2 = 3-7, this being the average value found by Baade 
et al.* for the Orion nebula. Runs were made at a succession of points along the 
spectrum lines N1, N2, Hf, Hy, and the variation of peak intensity at corresponding 
parts of the nebula could thus be studied. 

The results could be compared with microphotometer runs over the same 
parts of the nebula on direct photographs. Plate A 383, a rather dense blue plate, 
calibrated with a tube sensitometer (constructed by Dr D. S. Evans, who has also 
kindly communicated to me the calibration constants), was used for this comparison. 
The length of the analysing slit of the microphotometer corresponded to 0-15 mm. 
on the film or plate; the runs on the direct photograph therefore refer to the same 
width of nebula as was transmitted by the spectrograph slit for most of the spectra. 

Fig. 2 shows the results for region A in diagrammatic form. ‘The top curve 
shows the intensity variation across the rim on the direct photograph, abscissae 
being distances from the reference star Y whose position coincides with the left- 
hand edge of the figure. The second curve shows the mean variation of NI and 
HB from the two films (NS 94 and 101) which are best exposed and show long 
spectrum lines. The third group of curves shows the intensity ratio HB/N for 
the three separate films, NS 72 being only sufficiently well exposed to provide 
measurable lines at the brightest part; in this ratio, N denotes the weighted mean 
(3N1+N2/)4, the measures of N2 being frequently rather unreliable. Finally, 
in the lowest curve of Fig. 2 is shown the average photometer deflection in 
millimetres from five runs, transverse to the spectrographic dispersion, at various 
wave-lengths near Hf but avoiding emission lines. This curve is derived from 
NS rot only ; this spectrum was obtained with a very wide slit (0-75 mm.) to test the 
presence of continuous spectrum which had already been suspected on NS 94. 

Fig. 3 shows curves similar to those of Fig. 2 (omitting the last) derived from 
region B. 

From Fig. 2 we may draw the following conclusions regarding the bright 
rim A: 

(1) The nebular lines N1, N2 and Hf all increase to a sharp maximum of 
intensity at the rim. 

(2) The intensity at the rim is about 2-5 times that of the surrounding 
nebulosity both in the nebular lines and in integrated blue light. 

(3) There are indications of an abrupt change in the intensity-ratio HB/N at 
or near the rim in the sense that His relatively strongestattherim. (Incomparing 
the separate results of the three films it must be remembered that NS 101, with 

* W., Baade, F. Goos, P. P. Koch and R. Minkowski, Zs. f. Ap., 6, 355, 1933 
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Fic. 2.—Variation of intensity in M16 (region A). 


Abscissae : distance from star Y in seconds of arc. 
Ordinates (lowest graph): linear deflection in millimetres. 

A log I @- @ Direct photograph (blue). 
A log I +—————-+ Mean of N: and HB. 

log (HB/N) O————-O NSS 101 (wide slit). 

log (HB/N) 4 ————- A NSS 94. 

log (HBIN) (F 

Continuous background x x Linear deflection of microphotometer. 
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slit five times as wide as for the other spectra, embraces more of the nebula; 
and the other two films may not refer to identical regions of the rim. The 
difference in position of maximum intensity of N and Hf was apparent on visual 
inspection of the film NS72, and may be detectable on Plate 4 (d).) 

(4) The presence of a weak continuous spectrum at the rim is evident from 
NSro1. (The secondary maximum in the bottom curve of Fig. 2 appears to be 
partly due to defects and partly to a faint star.) 

From Fig. 3 we may conclude, regarding rim B: 

(5) The nebular lines N and Hf all increase to a maximum intensity at the rim. 

(6) The intensity at the rim is about 1-6 times that of the surrounding nebulosity 

in the nebular lines and in integrated blue light. 
(7) There is some indication of a very slight increase in the ratio HB/N at the 
rim. 
100 80 60 40 20 
! I 1 ' 
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Fic. 3.—Variation of intensity in M16 (region B). 


Abscissae : distance from reference star X in seconds of arc. 
Ordinates: J log I. 


+ Mean of N1 and HB. 


@——__®@ Direct photograph (blue). 
O———-O _log (HB/N). 


In examining these curves various points must be borne in mind. 
(a) The reduced scale in the spectrograph along the lines is 95” per mm. ; 
he width of the bright rims amounts to only a few seconds of arc, and even with the 
slit set tangential to the rim as for B, the analysing slit of the photometer is not 
short enough to show as sharp a peak in the spectra as in the direct photographs. 
Thus the measured intensity ranges in the spectra are probably underestimated. 
On the other hand, the measured intensities in the spectra some way from the 
maxima are subject to an unknown degree of vignetting in the spectrograph, and 
this will tend to increase the apparent range of intensity. 
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(6) In region A the slit ran roughly radial to the rim, which is broader than in 
the typical case, and the right-hand side of the curves refers apparently to fore- 
ground nebulosity veiling a dark lane. In region B the slit was tangential to the 
rim and both right- and left-hand sides of the curves refer to nebulosity on the bright 
side of the rim and dark lane. 

The single two-hour spectrum of the rim in region C was not very successful, 
apparently because the slit was set slightly inside the dark patch instead of crossing 
the brightest part of the rim. Nevertheless, the nebular lines N1, N2 and Hf are 
brightest on each side of the dark patch and thus afford similar evidence that this 
rim represents an enhancement of the typical nebular spectrum. 

The conclusion that continuous spectrum is present at the rim in region A is 
important in that it raises the question whether line or continuous spectrum is more 
effective in the direct photographs. As Hubble* has pointed out, line spectra 
are far more readily detected in diffuse nebulae than continuous spectra. 
Unfortunately, despite the use of such a wide slit, the continuous spectrum in 
region A is so weak that it lies on the toe of the characteristic curve where the 
calibration is most unreliable. Nevertheless it may be said with some confidence 
that the continuous spectrum on NS 101 amounts to between 0-04 and 0-02 times 
the intensity of Nr at the rim, and probably lies nearer to the smaller value. The 
slit width in this case corresponded to 72 angstroms where the continuous was 
measured, or about 0-06 x (total spectrum effective on blue photographs). If we 
assume that NI contributes one-quarter of the total line emission effective on blue 
photographs, we find that the total effective continuous at rim A probably amounts 
to between 16 and 8 per cent of the total effective line emission, with the smaller 
value preferred. In other words, the direct photographs of rims almost certainly 
refer primarily to line emission. 

Attempts to isolate the rims monochromatically on direct photographs have 
not shown any clear changes in structure. An ultra-violet photograph with 
Wratten 18A filter shows the rims as well as blue and red photographs, but the 
continuous spectrum at the head of the Balmer series probably contributes as much 
to the ultra-violet photograph as O 3727. The combination Kodak 103 AO plus 
Wratten filter 58 cuts out Hf relative to Nr and N2 by a factor of at least 5, but 
the attempt to record the nebula thus failed owing to inadequate exposure. 

The only marked differences between blue and red photographs so far noted 
are: 

(1) the presence of a large number of faint red stars in the cluster—they may be 
intrinsically red or reddened by interstellar matter ; 

(2) the relative prominence on blue and ultra-violet photographs of the 
nebulosity surrounding the cluster, which tends to show the streaky structure 
reminiscent of the Pleiades nebulae. The direction of the roughly parallel 
streaks is in p.a. about 60°. It is a remarkable circumstance that the blue 
photographs also show signs of a similar streaky structure near the 1oth mag. star 
SDM — 13° 4937T, which is bluer than most stars in the field, and that though 
this star lies on the outer side of the main nebula the orientation of the streaks is 
roughly in the same p.a. 

Since it was suspected that this streaky structure arises mainly from the pure 
reflection type of nebulosity, one spectrum was taken in “ region D”’, 50” of arc 


* E. Hubble, Ap. F., 56, 162, 1922. 
t See list of stars accompanying Duncan’s photograph, Joc. cit. and Fig. 1. This region lies 
outside Plate 4 (a). The streaks are indicated roughly by dashed lines in Fig. 1. 
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north of the bright star SDM —13°4925 (HD 168076) near the centre of the 
cluster. Here the nebulosity on a blue photograph, as measured with the micro- 
photometer, has about the same intensity as that near (but not on) rim A. The 
nebular lines at D appear in a 60-minute exposure rather weaker than those near 
rim A in a 40-minute exposure. Hence, although the slit was too narrow to record 
a continuous spectrum at D, it appears probable that the light here also consists of a 
mixture of line plus continuous emission with the continuous providing a 
considerably greater contribution than at A. 


The Trifid Nebula M20 (NGC 6514) (Plate 5 and Fig. 4) 


The present observations of this nebula are restricted to the central brightest 
region, which tends to be overexposed in Duncan’s beautiful photograph* with the 
Mt. Wilson 100-inch reflector. Duncan has drawn attention to the curved 
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Fic. 4.—Sketch of M20 showing position of slit (DE) for spectrum of Plate 5 (b); also the bright 
wisp B at break in rim A (see text). 


bright line of light convex northward (marked A in Fig. 4), i.e. pointing roughly 

towards and 2’-2 from the central star HD 194492 (S in Fig. 4). This appears 

to be a typical bright rim to a dark lane, the dark matter, however, being partly 

veiled by foreground nebulosity. Short exposures with the Radcliffe reflector 
* J. C. Duncan, Ap. F., 57, 142, 1923; and Mt. Wilson Contr., No. 256, 1923- 
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reveal an extremely interesting feature, which may be of great significance in 
interpreting the nature of interaction between dark and bright matter at the 
boundary. Near the northern tip of this rim there is a minute break in the line 


of light, about 2”-3 of arcacross. This might of course be merely due to a narrow - 


belt of absorbing matter lying in front of the rim. However, on the east side of 
the break there is a faint wisp of bright nebulosity (marked B in Fig. 4), about 
16” long, extending from the bright rim at the break northwards (p.a. about 15°), 
i.e. on the bright side of the boundary nearer to the central star. This feature 
will be referred to later in the general discussion. 

Short exposures also show that at the boundary between the main dark lane 
running east and slightly north and the bright nebulosity immediately surrounding 
the central star S, there is an intensely bright rim about 3” of arc wide running east 
and slightly south (marked C in Fig. 4); it also persists faintly round the corner at 
the junction of the two main dark lanes N.W.of S. This area was selected for 
spectroscopic study. One spectrum was obtained with slit east-west crossing the 
roth mag. companion to S (p.a. 22°, d=6"). A second (NS 108) was obtained 
crossing the bright rim with slit rotated to p.a. 72° instead of the usual go° ; for this 
spectrum the slit was offset 15” north of S. The position of the slit is marked DE 
in Fig. 4. The second spectrum only was run through the microphotometer, as 
being more suitable for study of the variation of the lines across the bright rim. 
The length of the analysing slit was this time reduced to correspond to 0-5 mm. on 
the film. ‘The measures of Ni, Nz, Hf and Hy are presented in Table III. 


Taste III 
Measures of nebular lines across bright rim in NGC 6514 (Spectrum NS 108) 


x=distance (in seconds of arc) from nearest point to star S along slit, set in p.a. 72°; 
positive eastwards. 

The tabulated quantities are log,) (peak intensity) with arbitrary zero. 

The sixth column (mean emission) gives the mean of the preceding four columns. 

The seventh column gives the difference between the sums of HB, Hy and N1, N2, and 
is thus a measure of the relative intensity H/O III. 


Mean 


emission 


x N1 N2 HB Hy H—N 
—22 089 0°32: 0°94 0°94 0°77 +0°67 
—12 1'14 0°57 I'll 1°04 0°96 +0°44 
+7 1°18 o'9I 1°25 0°97 1°08 +0°13 
+11 1°19 I‘O1 24 1°04 I‘12 +0°08 
+16 1°35 0°39 +36 1'27 1:09 +0°89 
+21 1°33 0°61 "39 1'27 ris +0°72 
+26 I'I4 o'51 44 IIs 1:06 +0°94 
+30 0°89 0°20: ‘17 0'92 0°80 + 1°00 
+35 I°OI 0°32 ‘10 o'8s5 0°82 +-0°62 
+40 0°45: 0°47: ‘II o'85 0°72: + 1°04: 
+45 0°95 0°56 “14 1‘O7 0°93 +o°70 
+50 I°rl 0°60 ‘00 I‘Ol 0°93 +0°30 
+54 1°05 0°25 “13 0°75 080 +0°58 
+64 1°24 0°88 28 1°12 1°13 + 0°28 


ee ee ee ee ee ee | 


There is no direct photograph with suitable calibration available for comparison 
with the measures on NS 108, but the three rows of figures in heavy type correspond 
to the regions where the slit was traversing the bright rim as shown on the direct 
photographs. The slit actually traversed the rim C at about 32°, and assuming the 
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rim to consist of a straight band 3” of arc wide, the slit (whose width corresponded 
to 3”-4 of arc) would transmit a total length of 11” of arc of rim (apart from guiding 
errors which would lengthen it further). 

From Table III we conclude, regarding this bright rim in the central region of 
the Trifid: 

(1) The nebular lines N1, N2, Hf and Hy rise to a maximum of intensity at 
or near the rim C. 

(2) The ratio of intensity Hydrogen/N1, N2 is greatest at or near the rim; 
if anything the hydrogen is relatively brightest to the dark side of the rim, and N1, 
N2 certainly maintain an intensity near their maximum on the bright side nearer 
the central star. 

Although the second spectrum (NS 107), with slit east-west, has not been 
measured with the microphotometer, visual inspection shows that Hf again reaches 
maximum intensity relative to Nr to the dark side of the rim west of S. Both 
spectra show the presence of faint continuous spectrum in the bright nebulosity 
immediately surrounding S, but its proximity to the bright star rendered it 
unsafe to attempt photometric measures. 


M8 (NGC 6523) (Plate 6 and Fig. 5) 


The first direct photograph of this nebula with the Radcliffe reflector (30 
minutes on emulsion Kodak 103 A E with red filter) shows the centre completely 
blacked out. A number of dark areas with rather faint emission rims are shown 
in the outer regions. A wavy line of nebulosity encircling the southern side of 
the cluster NGC6530 is very prominent—much more so than on Duncan’s 


blue photograph.* This probably represents an area of enhancement of hydrogen 
emission analogous to the bright rims. 

No bright rims suitable for spectroscopic study having been found, interest 
in this nebula was thereafter concentrated on the brightest area west and slightly 
south of the Ostarg Sgtr. (This star appears in the bottom right corner of Plate 6 
but lies outside Fig. 5.) The area is so bright that it has been readily seen in the 
74-inch with a full Moon notfar away. It was first described by Sir John Herschel 
as “‘a kind of elongated nucleus, just following a star (n, No. 36).... The proper 
nucleus is decidedly not stellar, and resembles much more that of the nebula 
in Andromeda than any other I can call to mind”’. 

Two short exposures (5 mins. and 90 secs.) in the red, and two in the green 
(Wratten 58 plus Kodak O-F and Kodak 103 AO), obtained with the Radcliffe 
reflector, effectively isolate this area in Ha (+ NII), continuous, and in OIII 
(+ continuous) light respectively. The main nucleus east of Herschel 36 is of 
the shape of an hour-glass, with a dark division 2” of arc, or less, wide crossing 
the waist.t Both halves of the hour-glass have an intricate structure with a 
number of dark divisions. The most remarkable feature, seen best on the 5-min. 
red exposure (Plate 6(a)), is a wisp of bright nebulosity proceeding from the 
N.W. corner of the hour-glass which curves round and meets the star Herschel 36 

* J.C. Duncan, Ap. F., 61, 4, 1920; and Mt. Wilson Contr., No. 177, 1920. 

} Fig. 5 represents a very imperfect attempt to sketch some of the more important features of the 
area, visible on the original negatives, but largely lost in reproduction. Within the hour-glass the 
star-like condensations in continuous light of Plate 6 (b) are shown. Outside the hour-glass the 
shadings represent areas of bright Ha. The area west and north of Herschel 36 is irrelevant to the 


discussion and has only been roughly sketched. Attention is specially drawn to the H« structure 
near the stars Herschel 36 and Cordoba 12403, which are both marked in the figure. 





No. 4, 1950 of the brightest regions of three diffuse nebulae 353 


in approximately p.a.o°. It appears to be continued in a fan-shaped extension 
about 2” of arc long issuing from the other side of the star in p.a. about 110°. 
This fan is about 4” wide at its extremity (as recorded in 5 mins.) and is much 
narrower close to the star. ‘This apparent association with Herschel 36 might 
of course be a matter of chance projection. However, there appears to be a second 
instance; the star Cordoba 12403 (m,,,9°4) seems to mark the termination of a 
much longer faint wisp which issues from the S.E. corner of the hour-glass. 
This nebulosity appears to be also linked up with a very bright wisp issuing from 
the S.W. corner of the hour-glass. 














N 


Fic. 5.— Sketch of M8 nucleus showing Herschel 36 and Cordoba 12403 with associated bright 
nebulosity. Within the boundaries of the ‘‘ hour-glass” are shown the star-like condensations 
revealed in the continuous photograph (Plate 6 (b)). Outside this area are sketched roughly the 
patterns of bright H« nebulosity (Plate 6 (a)). 


It is true that both stars Herschel 36 and Cordoba 12403 may be subject to 
heavy local obscuration, but unless the absorption is of the order of three magnitudes 
or more, we are faced by two instances of apparent close association of nebula 
and stars intrinsically fainter than the 6th mag. O star, 9 Sgtr, which might be 
regarded as the dominating influence in this central part of the nebula. 

The shorter of the red exposures shows that in the internal structure of the 
hour-glass the northern half is brighter on its west side, the southern on its east 
side. ‘This internal structure appears quite different on the green (mainly 
continuous) plate (Plate 6(5) and Fig. 5). Each half of the hour-glass shows 
at least three concentrations which are strongly suspected to be stellar in character, 
their diameters, with the exception of one in the northern half, are of the order 
of 1” of arc, i.e. the size of the smallest star images. 

The Kodak 103 A O+ W58 combination, which records mainly N1, N2 plus 
continuous, shows yet another distribution. The difference from the red plates 
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is especially marked in the southern half of the hour-glass; the S.W. corner near 
to the exit of the bright wisp, already mentioned, is the brightest part. The 
suspected faint stars are lost in nebulosity. 

Two spectra of this area have been obtained, both with slit east-west. One, 
exposure 30 minutes, includes the star Herschel 36 and the northern half of the 
hour-glass; the other, exposure 60 minutes, with the slit about 10” of arc farther 
south, refers to the southern half (Plate 6(c)). Although the spectra were taken 
with fairly narrow slit (0-15 mm.), both show a mixture of a typical bright-line 
nebular spectrum and strong continuous. The intensity of this continuous 
spectrum relative to Nr has been measured and a calculation similar to that 
previously given for rim A in M16 shows that the contribution of continuous 
spectrum to the total light effective on blue photographs is much brighter in this 
part of M8—of the order of 35 per cent. The appearance of the continuous 
band in the spectra does not suggest that it can be explained in terms of the 
condensations, visible on the green photograph, which are suspected to be faint 
stars. When considered in conjunction with the spectra, the combination 
Kodak O-F plus Wratten 58 filter (which avoids most strong nebular lines) 
must certainly record the distribution of light in this nucleus which is mainly 
continuous in character. 


TABLE IV 


Emission lines measured in brightest region of M8 
Int. Int. 

Mobs NS 102 NS 109 Element 
5875 a 1 Hel 
5659 ? In aa ei 
5007 40 50° [O IIT] 
4959 12 20 [O IIT) 
4863 50 80 HB 
4472 2 6 Hel 6 
4340 20 25 Hy 35 
4200 Bea vit Any 
4101 10 15 Hé 20 
4069 In 2 {S 11], C Ill 2 


4026 4 Hel 3 
3988 ?0°5 ae ao nts 
3969 8 [Ne III], H 7+20 
3939 ee 20° ‘ie 

3889 6 H 


15 
3868 2n [Ne IIT] 20 
3853 I t ? Sill 2n 
3835 3 H 12 
3797 ? In H 10 
3727 20 25 [O II] 50+ 30 


Table IV lists the mean wave-lengths of emission lines measured on the two 
spectra, obtained by means of a Hartmann reduction formula, smoothed to the 
nearest angstrom unit. No comparison spectrum was impressed but a suitable 
value of my was applied in the formula to give the correct wave-length at Hy. Visual 
estimates of intensity are listed separately for the two spectra, together with those 
for the Orion nebula from Wyse’s paper.* The chief difference from the Orion 
nebula is the great weakness of the Ne III line 3869 in M8. That this is probably 


* A. B. Wyse, Ap. F., 95, 356, 1942. 
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only a local difference is shown by the fact that the line is faintly visible in the 
surrounding nebulosity (see Plate 6(c)), but it does mot strengthen markedly, as 
do the other emission lines, in the neighbourhood of the hour-glass. He 4471 and 
4026 appear to be relatively strong in the southern half (NS 10g), and another line 
which is certainly very strong in M8 compared with the Orion nebula is 4069, 
attributed by Wyse to [SII], CIII. All hydrogen lines appear strong relative 
to OIII in M8; OIII 4363 was not detected, possibly owing to proximity to Hy 
on the small scale. The general character of the spectra suggests that this part of 
M8, despite its great brilliance, is one of considerably less ionization than the 
Orion nebula, and that permitted lines are enhanced relative to the forbidden. 
The continuous spectrum has been carefully searched for absorption features. 
While a number of possible absorptions have been measured, none coincides with 
a wave-length corresponding to a feature in a likely stellar source, with the possible 
exception of a shallow depression measured at A 4304 on NS 109, which may be 
connected with the G band. For further investigation of this point a dispersion 
higher than that at present available at the Radcliffe Observatory is imperative. 


TABLE V 
Relative intensities of nebular lines in selected portions of three diffuse nebulae 

Object N1 N2 HB Hy 
M16 rim A 14 ° 10 4°4 
M16 near A 17 , 10 idea 
M16 rim B 16 : 10 5‘° 
M16 near B 17 * 10 
M16 rim C 16 ° 10 
M2o rim 5°3 . 10 
M2o near rim II ° 10 
M8 nucleus 12 ; 10 
M8 near nucleus 19 ° 10 


2. Summary of observational data on bright rims.—The relative intensities of 
the four principal nebular lines in the blue, as measured in selected portions of the 
three diffuse nebulae, are summarized in Table V. Hubble*, from slitless 
spectra, has given for both M16 and M2o, N1+N2(z1), HA(3), Hy(2), and for 
M8, N1(2), N2(z), HB(4), Hy(3). The fact that Nr is nearly always brighter 
than Hf in Table V is probably to be ascribed to the use of an orthochromatic 
emulsion. The characteristics of the Seed 30 plates used by Hubble are not 
known to the writer, but probably the sensitivity was falling sharply to the red 
of HB. Although the ratio N1/HB in diffuse nebulae may have been under- 
estimated in the past, due to this cause, it would probably not affect the conclusion 
reached by various workers that Hf is strong relative to N1 in diffuse compared 
with planetary nebulae. 

Evidence has been brought forward in this paper that Hf is still further 
strengthened relative to N1,N2 at the bright rims, and this can be seen in 
summarized form in Table V, especially for M20. Although, as has been men- 
tioned before, the reduced scale on the spectra renders the widths of the rims 
exceedingly small, it is believed that this conclusion is well established, and 
further that the continuous spectrum apparent in rim A of M16 provides a 
negligible contribution to the integrated light. As far as the writer is aware, the 
only previous attempt to isolate these bright rims for spectroscopic study has 


* E. Hubble, Ap. F., 56, 176, 19226 
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been made with the McDonald nebular spectrograph, and the negative result 
for a rim to a dark lane in Taurus was taken as evidence that the rim originated 
mainly from continuous spectrum.* However, the Taurus lane does not appear 
to have the sharp boundary presented by those in M16 and M20 and the bright 
rims may well be different in character. 

In addition to the observation that the rims show nebular spectra with 
strengthened hydrogen lines, the following qualitative data from the appearance 
on direct photographs are relevant here: 

(1) Curtains of long, rather straight bright rims are often found as boundaries 
between dark and bright areas; typical examples, IC 434 and along the whole 
eastern side of M16 (areas E and F of Fig. 1). 

(2) Dark lanes cross the line of these curtains, often continuing for great 
distances, their edges being marked by bright rims; best example, the lane 
pointing due west in M16, N.E. of rim A (area G of Fig. 1). (The print for 
Plate 4(a) is too densely exposed to show this beautiful feature.) The whole 
area between E and B on Fig. 1 represents another case on the grand scale. 
We refer to this phenomenon as a break-through. 

(3) The dark lanes with bright rims usually point towards a bright central 
star or group of stars and the rim is brightest at the tip nearest to the star.t 

(4) Dark lanes sometimes show a phenomenon of bifurcation at the end where 
the boundary is sharpest. An excellent example is the most southerly of the 
three central lanes in M16, the rim being especially bright here in the bay between 
the two “‘heads”’ (H of Fig. 1). Such bifurcation has also been noted (with 
or without bright rims) in the Eta Carinae nebula. 

(5) Finally, the apparent width of these bright rims is of the order of 2” to 3” 
of arc, which, at the accepted distances of these nebulae, corresponds to a linear 
width of several thousand astronomical units. 

3. Discussion.—The fact that these rims represent mainly line emission, lends 
support to the hypothesis that they are areas of excitation at a boundary of 
interaction between dark and bright matter, similar to that considered by Oort } 
for instance in the shell surrounding Nova Persei. Reflection or diffraction of 
light from stars hidden by dark lanes is ruled out. There is thus no analogy 
with the silver lining of terrestrial clouds. 

The fact that so many dark lanes show elongation towards a bright star, as 
already pointed out by Struve, does suggest a direct association of the lanes with 
the stars and bright nebula, rather than that they happen to be projected against 
a bright background. If we assume direct interaction, the question of motion 
relative to the central stars becomes all important. Is the dark matter moving 
inwards against the bright nebula, or is the nebula being driven away from a 
central region against a dark obstruction? 

The small scale of the Radcliffe spectra eliminates the possibility of detecting 
anything but very large Doppler shifts.§ An attempt to detect proper motion 


* O. Struve and C. T. Elvey, Ap. F., 89, 119, 1939. (Note added later.—Dr van de Hulst has 
since informed me by letter that he has made very similar and more extensive observations of M16 
and other diffuse nebulae at the McDonald Observatory.) 

+ This fact has been remarked by O. Struve, Ap. 7., 85, 208, 1937, in his list of bright rims, and 
doubtless by many other observers. Another excellent example near S Mono has been published 
by W. W. Morgan and F. Shearman, Ap. F., 89, 554, 1939. 

$ J. H. Oort, M.N., 106, 159, 1946. 

§ A slight distortion in the bright lines in region C of M16 is fully explained by assuming non- 
uniform illumination of the slit by the rim which was oriented tangentially. 
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of some features common to the Radcliffe photograph of M16 and Duncan’s 
(R.A.S. Slide No. 432) failed, but at a distance of 2000 parsecs there would appear 
to be much greater hope of detecting motions spectroscopically. Moreover, in 
view of the variations of H8/N, proper motions of nebulosity would probably 
have to be measured from pairs of plates with very similar colour sensitivities. 

In the absence of radial velocities and proper motions, one may fall back on 
evidence from direct photographs. The phenomenon of break-throughs does 
strongly suggest motion of the dark matter towards thecentralarea. Itisextremely 
difficult to understand how these phenomena could occur in M16 if the motion 
were in the opposite sense, for in that case one would expect to find instances of 
dark lanes terminating before the “curtain” is reached. Still stronger evidence 
of motion towards the central star is afforded by the bright rim A (of Fig. 4) in 
the Trifid, already mentioned (see Plate 5(a), R30, T35mm.). Unless the 
connection of the break in the rim and the faint wisp B to the northern side is an 
extraordinary coincidence, we must conclude that some force has broken through 
the rim locally and left a remnant of it on the side nearer to the star in the form of 
the wisp. It may be concluded as a working hypothesis for M16 and the Trifid 
that the motion of the oriented dark matter is towards the central stars. 

The origin of the continuous spectra detected in these three diffuse nebulae 
remains a matter of considerable interest. ‘These observations do not suffice 
to distinguish between reflection and some other process concerned in the 
interaction between dark and bright matter. But it does seem probable that the 
“transition type’’ of nebular spectrum, composed of a mixture of line and 
continuous spectrum is commoner than has hitherto been indicated.* Moreover 
the observation of the M8 nucleus, which provides the strongest continuous 
spectrum, shows that the brightest area of a diffuse nebula may be intimately 
connected with relatively faint stars—the association being possibly of the T Tauri 
type. Hubble’s statistical law, connecting the extent of diffuse nebulae with 
the brightness of the central star, refers to the excitation of faint outer nebulosity ; 
but in the brightest area of M8 we seem to be witnessing complex processes in 
which faint stars, dark and bright matter are all playing important roles. Perhaps 
the peculiar feature of such nebulae is that while the general environment is 
determined by an early-type star, interstellar dust is not so strongly repelled by 
radiation pressure from the fainter stars and can approach to smaller periastral 
distances. 


The writer is deeply indebted to Professor Oort and Dr van de Hulst for 
reading this paper and offering valuable criticisms. 


Radcliffe Observatory, 
Pretoria: 
1949 September 19. 


* Since the above was written, my attention has been drawn to similar evidence found by 
P. Swings and O. Struve, Ap. F., 96, 310, 1942. 














ULTRA-VIOLET EMISSION FROM THE CHROMOSPHERE 
R. v. d. R. Woolley and C. W. Allen 


(Received 1950 March 8) 


Summary 


A model of the quiet chromosphere is constructed which gives as good a 
fit as found possible to data from eclipse observations and to observations of 
solar radio noise and of the ionosphere, everything being taken at minimum 
solar disturbance. ‘The model has spherical symmetry and a single value of 
the kinetic temperature at every height. In the model there is a sharp division 
between the lower chromosphere, at heights below 6000 km., in which the 
temperature is 5040 deg., and the upper chromosphere in which the tempera- 
ture ascends at first very rapidly. It is estimated that the chromosphere 
emits about 7 X 107 quanta capable of ionizing terrestrial gases per sq. cm. 
per sec., of which 6 Xx 10" are emitted in line spectra of ions such as O VI, 
OV, NV, etc, and the remainder in the Lyman continuum of H. About 
half the quanta have an energy greater than 13:6 volts, and are therefore 
capable of ionizing O to O+ in the ionosphere. The energy is supplied by 
conduction inwards from the corona. 





1. Introduction.—In a recent paper (1) we calculated the emission spectrum 


of the corona in the far ultra-violet and drew attention to the part it might play in 
ionizing terrestrial gases to form the ionosphere. We suggested at that time that 
an appreciable part of the ionizing radiation received by the Earth’s upper 
atmosphere might come from the chromosphere. 

In this paper we attempt to make the same calculations for the chromosphere 
as we did for the corona : but whereas in the case of the corona values of the kinetic 
temperature and electron pressure which we felt to be reliable were available, we 
could not feel satisfied with any account of the temperatures and pressures in the 
chromosphere which we could find. Since the ultra-violet emission is very 
sensitive to both temperature and pressure, it has been necessary for us to work out 
a model chromosphere satisfying as many observational conditions as possible 
before we could estimate the ultra-violet emission. 

2. Conditions to be satisfied by a model quiet chromosphere.—While the tem- 
peratures and pressures in the reversing layer and corona are reasonably well 
established, there are difficulties associated with attempts to deduce these quantities 
in the layer between them, the chromosphere. It has not yet been possible to 
set up a completely satisfactory system of differential equations representing heat 
transfer and mechanical equilibrium; moreover, direct observation shows that 
the actual chromosphere is torn about by disturbances, so that a model exhibiting 
spherical symmetry may be quite misleading. Nevertheless the idea of a quiet 
chromosphere with spherical symmetry may be of some use. It is known that 
the chromosphere, corona and ionosphere all exist at times of zero sunspot 
activity, and we set out with the idea of a model quiet chromosphere which is 
intended to represent minimum activity. 
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A satisfactory mode] of the quiet chromosphere should fit the following 
conditions :— 


(a) The far ultra-violet emission should equal the amount required to produce 
the minimum (zero sunspot) ionosphere. 

(6) This emission should equal the amount of energy conducted inwards from 
the corona. 

(c) The emission of thermal radio noise should fit quiet day observations on 
various wave-lengths. 

(d) The density scale height of the low chromosphere should fit eclipse 
observations of decrement of the intensity of low excitation lines with height. 

(e) The density scale height should fit eclipse observations of the decrement 
of strong Balmer lines extending to considerable heights. 

(f) Electron densities should agree with eclipse values (1) from the intensity 
of the Balmer continuum and (2) from the resolution of Balmer lines. 

(g) Electron temperatures should agree with eclipse observations of the Balmer 
continuum. 

(hk) Kinetic temperature of atoms should agree with eclipse observations of 
line width. 

(¢) Eclipse observations show that both high and low excitation lines (e. g. He 
and Fe) appear to originate at the same level. ‘The model should explain this. 

(j) The density scale height should be not less than the gravitational scale 
height for the kinetic temperature at the level. If it is greater, there should be 
some reason for it. 

(k) The pressure should not increase outwards. 


We have not found it possible to satisfy all these conditions with a spherically 
symmetrical model possessing a definite single value of the temperature at each 
height. We have however been unwilling to introduce a parameter representing 
variations of temperature from one part of the chromosphere to another at the same 
level, largely because this would introduce too much freedom into the model. 
Instead the model uses a mean temperature for each height. 

It should be said here, briefly, that we have not taken (e) into account, because 
of the difficulty of calculating populations of the lower hydrogen excited states; 
that we have been unable to satisfy (hk), which appears irreconcilable with (a); 
and that we cannot satisfy (), which seems to demand variations of temperature 
at the same height. 

3. Division of the chromosphere into two regions.—It is convenient to define 
three definite levels in the chromosphere :— 


(a) The base of the chromosphere. Quantities evaluated for this level will 
be given the subscript o. 

(b) The top of the chromosphere, which will be a specified level in the corona 
(subscript c). 

(c) The level where hydrogen is one-half ionized (subscript 2). 

The region between (a) and (c) we call the low chromosphere. The flash 
spectrum is emitted mainly from the low chromosphere, in fact most of the pheno- 
mena generally regarded as chromospheric occur in this region. On the other 
hand, the region between (c) and (0), the upper chromosphere, is almost entirely 
coronal in character. From it come the radio noise and most of the far ultra-violet 


emission. 
26 
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Our reasons for supposing that the division between the two levels is sharp are 
as follows :— 

(1) The equation for the conduction of heat inwards from the corona, which 
leads to a temperature distribution in good agreement with radio noise observ- 
ations, demands a very sharp drop in temperature at the bottom of the region 
controlled by conduction. 

(2) A layer of extensive thickness at any temperature sufficient to ionize 
hydrogen appreciably leads to far too great an emission of Lyman quanta. 

(3) The corona only escapes from radiative control, which would pin it to the 
Sun’s surface temperature, because it is optically thin. A few hundred kilometres 
of neutral hydrogen (at a density appropriate to the middle chromosphere) destroy 
the condition of optical thinness, through the heavy absorption in the Lyman 
continuum. Wherever hydrogen is substantially neutral, the material cannot be 
far from radiative equilibrium and the temperature cannot be far from the photo- 
spheric value. 

4. The base of the chromosphere.—For the base of the chromosphere it is 
reasonable to assume equilibrium conditions at the Sun’s surface temperature. 
The density scale height (i.e. the height within which the density falls one 
exponential factor) will then be 

kT . 
= — =I1:2x10’cm., 
nd 
where k is the Boltzmann constant, 7 the temperature for which we adopt 5040 deg. 
or © =5040/T=1-0, « the mean atomic mass for which we adopt 2-1 x 10-**g., 
and g gravity 2-74 x 10*cm. sec.~?. 

At this level metals will be almost fully ionized and will provide most of the 

electrons. If the hydrogen : metal number ratio is 6000 : I (x), we obtain 


log (N.)o = log (Niz)o — 3°8; (4.1) 
where N, and Ny are the numbers of electrons and neutral hydrogen atoms per 
cm.°, and(_)» signifies the base of the chromosphere. 

By definition, see e.g. Wildt (2), the continuous absorption for 2 transverse 
beam through the base of the chromosphere integrates to unity. For electron 
densities of the order of 10! and @=1 the absorption is mostly by negative 


hydrogen ions (3) and is given as 9-32 x 10-*6 per H atom and per unit electron 
pressure. The absorption coefficient is then 


6:5 x IO 38N LN, cm.~}, 
The integrated absorption through a transverse beam becomes 


6:5 x 10-85(N,N,)o($H2nRo)*2, 


where Ro is the Sun’s radius, and 4H is the scale height of the product N,N,. 
Equating this to unity and using (4.1) gives 


log (Nz)o=15°9, log (N,)o = 12°1, 
and from Saha’s equation the proton concentration Ny, is 


log (N,)o= 11-2. 


These values of (Ny), and (N,)p are a little higher than those determined by 
Wildt (2), the reason being that we have assumed the scale height of gravitational 
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equilibrium, whereas Wildt extrapolates the observed scale height to the base of 
the chromosphere. 

5. The top of the chromosphere.—It is necessary to choose a particular level 
in the corona to represent the top of the chromosphere at a height h,. Baumbach (4) 
has given the relation between electron density and height, shown in Table I. 


TABLE I 


The Lower Corona 


Height . h’ (unit= 10° cm.) ° 2 
Electron density N, (unit=10° cm.) 4°5. 3°3 24 1% 
h’N? (unit= 10** cm.~) ° 13 85 1'9 


I°o 


4 6 8 10 
1°3 
14 824'f 


The ultra-violet and the radio emission depend on (h' N?),, and it is seen from 
Table I that h’ N? is fairly independent of h’. Hence the particular choice is not 
important. We assume Baumbach’s heights are measured from 4,, the height 
of the half-ionized layer, and fit the chromosphere to the corona at the height 
h,=h;+ 4 x 10°cm., which is roughly the height where coronal lines reach their 
greatest intensity (5). Choosing ro* deg. K. as the corona temperature (1, 6) we 
have the adopted values for the top of the chromosphere as follows: 


N,=(Nee=(Np)e=2°4 x 108 cm.-%, 
T, = 10° deg. K., 
h,—h;= 4 x 10*cm., 
(h, —h,)N? =2°3 x 10% cm, 


The electron densities of the corona have been analysed more recently by 
van de Hulst (7), who finds a considerable change with the sunspot cycle. His 
values for sunspot minimum give (h,—h,)N? =3 x 10”, and would cause a con- 
siderable change in the values calculated in this paper. However, we prefer to 
accept Baumbach’s data as a standard and modify the results if found necessary. 

6. The level where hydrogen is half ionized.—We suppose that the character 
of the chromosphere changes very rapidly at the level where hydrogen is half 
ionized. Above this level there are few hydrogen atoms and the chromosphere is 
optically thin; but below this level the strong Lyman continuum makes the optical 
depth rise rapidly. The absorption of the H atom beyond the Lyman limit is 
approximately 10-1’ cm.?, so that, if the neutral hydrogen density Ny were only 
10), unit optical thickness in the continuum would be reached in 100km. 

A lower limit to the atom and electron populations at this level may easily be 
obtained. Although gravity can be reduced by supporting forces (such as radiation 
pressure) the net resultant force on the materials must be inwards, otherwise the 
chromosphere would disperse outwards; hence the pressure cannot increase 
outwards. We must have, therefore, 


(Na+Ny+N,)i7T;2(Npt+NeeTo 


(6.1) 
3N,T;22N,T., 


the subscript p referring to protons, N; is the number of protons, electrons, or 
neutral H atoms per cm.*at the half-ionized level, and N, the number of protons or 


electrons per cm. at the top of the chromosphere. 
26* 
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After carrying out a number of calculations upon models in which the pressure 
was allowed to decrease with height, and in which the amount of ultra-violet 
radiation given by the model was always too high (i.e. predicted too great an 
ionosphere), the authors felt forced to the conclusion that the decrease of pressure 
with height in the high chromosphere is very small: the pressure has therefore 
been taken to be constant, that is, 


3N,T;=2N,T,. (6.2) 


As the half-ionized level lies immediately above a layer of unit optical depth 
in the Lyman continuum and is subjected to some ultra-violet radiation from above, 
the dilution factor of the Lyman continuum radiation must be close to unity. It 
can be shown that the effect of collisions upon the ionization balance is small, so 
that the degree of ionization is given well by Saha’s equation : this gives a second 
relation between (N,); and 7;. From Saha’s equation and (6.2) we find 


N=(N.)i=(Np)s= (Na) =2'5 x 10% cmn.-*, 
T; = 6300 deg. 


7. The lower chromosphere.—By lower chromosphere we mean the region 
between the photosphere and the level where hydrogen is half ionized. Since the 
lower chromosphere is optically thick just beyond the Lyman limit, hydrogen 
ionization is adjusted to the Sun’s surface temperature, and we expect the kinetic 
temperature to be close to this temperature. 

There is ample evidence that the scale height H in most of this region is 
considerably greater than the gravitational value I-2x10’cm. For example, 
Cillié and Menzel (8) give about 6 x 10’ cm. for metals at about 1100 km. height, 
and Wildt (2) gives 2-4 x 10’cm. at a height of 8o0km. All observations show 
H to increase with height h. Since we have found the same hydrogen to metal 
ratio in the corona as obtains in the reversing layer (1), we may assume the scale 
height to be the same for all atoms (provided that all states of ionization are taken 
together). We adopt 

H =1-2 x 107+0-20h, 


where the heights are in centimetres. This formula is in reasonable agreement 
with eclipse observations and reduces to the gravitational value when h=o0. As 
we suppose that the kinetic temperature does not increase much with / in the lower 
chromosphere, we must attribute most of the rise in scale height to turbulence of 
the kind suggested by McCrea (9). 

The relation between N( = Ny +N,) and h is 


N O-2h \-v02 
ar = (I+ ——,; : 
No ( I'2 x =) 


From this formula, and from log Nop = 15-9, N( =Ny+N,) reaches 5 x 10’ where 
h=6x10%cm., or h;=6 x 108cm. 

In Table II, where we tabulate various quantities for the entire chromosphere, 
we suppose 7 to remain at 5040 deg. up to h=5 x 10° cm., and to rise to 6300 deg. 
at h=6x108cm. The values of N, and N, in the lower chromosphere are 
calculated from Saha’s equation. 

8. The upper chromosphere-—The temperature distribution of the upper 
chromosphere should be governed mainly by the conduction of energy 
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Taste II 
Model Chromosphere 


1 
pace ool T log N log N, log Ny 
5040 15°9 12°I 11'2 
5040 13°8 10°6 
5040 12°7 10°0 
5040 12'0 9°7 
5040 I1'5 9°4 
5040 IIo 9°2 
6300 10°7 10°4 
14500 10°2 10°2 
36000 9°8 9°8 
g1000 , 9°4 
230000 . 9°0 
300000 ‘ 8-9 
400000 ‘ 8-8 
526000 . 8-7 
645000 ‘ 6 
760000 5 
850000 . 5 
930000 ; 8°4 
1000000 ; 8-4 


CUI AKRKAAUNUAWDNHO 


N=number of atoms and ions per cm.*, N,=electrons per cm.*, N»y=protons per cm.’, 
Ny=neutral H atoms per cm.*, T=kinetic temperature in degrees K. 


inwards (x0). Chapman and Cowling (11) have shown that the thermal con- 
ductivity of an electron gas is given by 
k \v2R8 
= 2 (=) = T*4/A,(2), 

where A,(2) is 9-2 log(4k7/N?2/*e*) — 2 or about 50 for the chromosphere, and the 
other symbols have their usual meaning. For a mixture of protons and electrons 
in equal numbers the conductivity will be half as great as this, since for a given 
electron density the free path of electrons will be halved. The heat conductivity 
in the upper chromosphere then becomes 


A=nT*?, 
where H =0°5 x I0-*, 


Then the equation of heat conduction is 
cogeneTee., (8.1) 


where « is the rate of heat conduction inwards, and @ is the angle between the 
magnetic field and the vertical. The cos@ term is introduced because in the 
rarefied chromosphere the ions will have freedom of movement only in the direction 
of the magnetic field. The amount of heat conducted will decrease inwards 
because some of the energy will be radiated away. To allow for this decrease we 
adopt the relation 


h —h,\» 
€=€, =) ey", (8.2) 
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where y is the height above A, in terms of the height of the upper chromosphere 
(h.—h;) and n has yet to be determined. Equations (8.1) and (8.2) combine to 
give 

poet os e(h, —h;) 


dy ~~ncosd “>” (8.3) 


with the boundary conditions T = T,;at y =o and T = T, at y =1, the extra condition 
imposing a relation between the constants of the differential equation. 
If we neglect T;/T, compared with unity the solution of (8.3) is 


(T/T) =y"*", (8.4) 

and the relation between the constants is 
_ 2(n+1)7 cos 8,2. 
1” ea (8.5) 


The relation (8.5) gives «, the amount of heat conducted inwards from the corona. 
Taking the mean value of cos @ to be 4 and using =? to fit the radio observations 
as explained below, and with (h,—h,;)=4 x 10°cm., T,=10® (Section 5), we get 
from (8.5) 





€ 


€,=1°7 x 10tergcem.~*sec.-}. 


This is less than estimates given by Alfvén (12) (2-2 x 105) and Giovanelli (10) 
(6 x 105). 

The temperature distribution being given by (8.4), the distribution of the 
electron population follows from the assumption that the pressure is constant 
(as in (5.2)), for then 

N,=N,T,/T=Ny@*™, (8.6) 

or with n=2, 
Ne 
N 


e 


r 
Ms — 2/5 
a 


It will be remembered that N,=(N,),.. Values of N, and T as a function of height 
from this relation are given in Table II. In this table ionization of hydrogen in 
the upper chromosphere is found from the collision ionization formula (1), 


where x is the fraction of ionized atoms, S the ionization collision coefficient (for 
hydrogen 4-3 x 10-197 exp (—11600x/T), with ionization potential y in volts), 
and « the recombination coefficient (for hydrogen 1-8 x 10-! 7"? in the chromo- 
sphere). 

We have now to justify our choice of n. This has been taken to give the best 
fit of quiet day solar noise intensities on different wave-lengths. The effective 
temperature at the centre of the disk 7, is related to the kinetic temperature T at 


various levels by 
T= | Te dr, (8.7) 
J0 
where 7 is the radio optical depth, equal to J y «dh at height h, « being the 
h 


absorption coefficient percm. Martyn (13) has given a convenient expression for 
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this (which can be deduced either from the Kramers-Gaunt formulae or from 
the Lorentz-Chapman formulae), namely, 


_4/2\" 
“46) c(mk)3 5 papain (SAT /2Hf) 


= 1-08 x 10-*8N?)2T-3? In (3k TA/2hc). 
Using the value 13 for the slowly varying term this reduces to 


«= aN2T-32, 
where a=1-4 x 107%, 
Now 


«@ is) rl 
T= | «dh =a { N;T-*2dh = aNN?T3(ho—h) | T-1dy, 
h h v 


and since T7?= 77 , y»+1 the integration can be easily carried out, giving 

t =(h,—h)N2aT>*%(y-" — 1), 
If we now put m=(2n+2)/7n, C=(h,—h;)N2aT-*? ( =3-2 x 1075) and z =C)?/n, 
then 


T=2(y"—TI), 
from which 
y= 6 


+r 
Now by (8.4) 7/T,=y"*)7=ym™, so that 7/T,=(2/z+7)™. We can now 
integrate (8.7), the result being 

T,=T,2” t (s+7)-"e~ dr 


= Te Est, (2). 
Ei,(z)=Ei(z)= | x-1e-*dx, 
. I ; 
Bi(2) = te*— Ei(2), 


2Fi,(2) = _ e-*— Ei,{2), 


(m—1)! Ei,(z)=2-™-De-*— Fi, (2). 


(The function Ei(z) is given by Jahnke and Emde (14) and called — Ei(—2). 
It is much more convenient to tabulate e*Ei(z) which varies comparatively slowly 
with z. This has been done in typescript tables used in the present work. 
Where m is not a whole number, the Incomplete I’ function can be used.) 

For n=0, m becomes infinite and the solution of (8.7) is 

7CH* 
TSC +2 °7Ch+2° 
For the case which we actually adopted, n= % and m=1, giving 

Ty = T 2e°Ei(2). 


T;= 
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The calculated values of 7, for n=0, m= 0; n=}, m=2; andn=§, m=1 
are shown in Fig. 1. In the same diagram we show various estimates of Tz 
obtained from observations. Original observations give values of T,, the apparent 
temperature of the whole Sun, which as a result of limb brightening and corona 
spreading is greater than Ty. Recent calculations by Nicolet (15) can be inter- 
preted to show that 7,/7'40-5 and is almost independent of frequency in the 


Tx In deg. K. 








10* 











SK 


100 1000 10000 
Frequency in Mc./s. 


Fic. 1.—Relation between frequency and effective temperature of the centre of the Sun's disk. 
: Calculated n=o, m=. 
: Calculated n=}, m=2. 
>: Calculated n=%, m=1. 
Observations listed by Pawsey and Yabsley. 
Observations from Quarterly Bulletin. 
Other observations. 




















range 100 to 3000 Mc./s. Eclipse observations (16) on 600 Mc./s. yield a similar 
factor. However, for the shortest wave-lengths we must expect 


T;= T,4= 5000 deg. K.., 
hence we obtain an estimate of T, from the formula 
Tx = 3( T, + 5000 deg.). 


Values of T, for quiet Sun are obtained from (a) a list prepared by Pawsey and 
Yabsley (17) (containing observations by various authorities) ; (6) low values from 
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daily observations from the Bulletin of Solar Activity 1949 (in preparation; 
containing observations from the Cavendish Laboratory, Cambridge; National 
Bureau of Standards, Washington; National Research Council, Ottawa; Radio- 
physics Laboratory, Sydney; and Commonwealth Observatory, Canberra) ; and 
(c) recent observations by Minnett and Labrum (18); Piddington and Hindman 
(19); Laffineur and Houtgast (20); and the S.P.I.M. (21). 

In Fig. 1 it is seen that the higher frequencies show best agreement for n= % 
andm=1. It might be noticed also that on the lower frequencies better agreement 
would have been obtained if a coronal temperature 7,= 700,000 deg. had been 
adopted instead of 1,000,000 deg. 

A chromospheric model based on solar noise intensities has been devised by 
Piddington (22). His analysis is similar in intention to ours but makes very 
different use of the optical evidence. His chromosphere does not have the sharp 
dividing level. The fact that both his chromosphere and ours are in agreement 
with the solar noise observations shows that these observations alone are not 
sufficient to define the chromospheric model. 

g. Discussion of the model.—Several attempts have been made to interpret the 
various observations and set up a model of chromospheric conditions. These 
of course differ in detail but they fall into two main classes, according to the 
kinetic temperature given to the optically observable chromosphere, the lower 
chromosphere of our model. There are two distinct views : 


(a) that the temperature of the optical chromosphere is about 30,000 deg., and 
(6) that it is about 5000 deg. 


The main arguments on each side are 
(a) for high temperatures, arguments from 


(i) thermal line width measurements (23), 
(ii) scale height measurements (2), (8), 
(iii) the emission of He lines; 


and (b) for the low temperature, arguments from 


(i) radio noise measurements (22). 
(ii) excitation temperature measurements (24), 
(iii) solar ultra-violet emission as indicated by the ionosphere, 
(iv) electron temperature (25), 
(v) the non-appearance of forbidden lines (26). 


In making a decision we were mainly influenced by (6) (iii), as we were forced 
to adopt the low temperature to bring the Lyman continuum emission down to a 
level allowed by the ionosphere. On the other hand, a high temperature chromo- 
sphere has been chosen by Giovanelli (27) and by Thomas (28). 

Once the temperature of the low chromosphere has been decided, the model 
only depends on the base conditions and scale height. If we compare our model 
with requirements listed in Section 2 we find (a), (f) and (g) in fair agreement with 
eclipse observations (2), (8), (29), but (#) and (2) in disagreement. The model 
offers no reason why the scale height should be greater than the gravitational scale 
height, but McCrea’s suggestion of turbulent motion (9) may be accepted. It is 
possible that the excitation of He and He* lines (7) may be due to a coincidence of a 
He wave-length with a far ultra-violet coronal emission : van Dijke suggests (30) 
that the 2s*S metastable state of He is somehow excited, and this could be due to 
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resonance with Mg X radiation from the corona. ‘The wave numbers concerned 
(31) are HeI 159850 and MgX 159929. Since the latter spectrum line has not 
actually been observed, the coincidence may be closer than this value suggests. 

The failures encountered by our model might be surmounted if we abandoned 
spherical symmetry and postulated a chromosphere made up of pockets of material 
at very different temperatures. This is of course strongly suggested by the 
irregular appearance of the chromosphere and by the apparent presence of high 
and low excitation lines at the same level. We have however, as has been said 
before, been unwilling to introduce more variables into our model. 

A feature of our model is the sharp dividing level between upper and lower 
chromospheres, already advocated on very different grounds by Wurm (26). 
In the real chromosphere this division cannot occur everywhere at the same height 
without distortion. Such distortion may not have much effect on the amounts of 
far ultra-violet and microwave energy emitted by the centre of the disk, though 
there may be some reduction of the microwave limb brightening. The emission 
of ultra-violet radiation is however very greatly influenced by the thinness of the 
skin separating lower and upper chromospheres. Any smoothing of the (mean) 
temperature curve at the dividing point greatly increases the emission in the Lyman 
continuum and other spectra. 

10. Ultra-violet emission.—The study of the chromosphere just described was 
initiated for the prime purpose of determining the emission of ultra-violet radiation. 
An approximate estimate of the number of ultra-violet quanta emitted from the 
Sun’s surface at sunspot minimum may be obtained from ionospheric studies (32), 
(33), giving for the E region 2 x 10'* quanta cm.~* sec.~, and for both the F, and F, 
region 10 quanta cm.~*sec.-!. The wave-lengths of these quanta are not known 
but there is good reason to suppose that they are below the Lyman limit at 9124., 
and we give our attention to these wave-lengths, i. e. to excitation energies greater 
than 13-6volts. Allearly attempts to construct a model chromosphere gave far too 
many quanta and this has been taken into consideration in choosing the model we 
have described. 

The black-body emission above 13-6 volts from the low chromosphere at 
5040 deg. is 2 x 10! quanta cm.-*sec.-! and negligible. However, near the half- 
ionized level the temperature has risen sharply to 6300 deg., for which the black- 
body emission is 1-4 x 10! quanta cm.~? sec.-'. On account of the rapid tem- 
perature change the low chromosphere emission will be less than this, probably 
about half, but it will be of the same order as the emission required to produce one 
of the ionospheric layers. 

‘The upper chromosphere is optically thin in the Lyman continuum, so that the 
quanta emitted can be determined simply by counting the recombinations. If « 
is the recombination coefficient, the total emission per unit time from a column of 
unit cross-section is 


Q= (°N.N,adh= y N2adh. 
J hy 


hy 
Putting 2 =bT-2 (where b=1-8 x 10-") 


“1 
we have generally O=(h,—h;)N2bT;*” | yn +0? dy 
/0 


7h, —h)N2T =! 
see 2—5n 
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but this formula breaks down if n > %, in which case it is necessary to set the lower 
boundary not at y =o but an appropriate value y = y,, giving the lower temperature 
T; = 6300 deg. instead of 7; zero. For n= 3, 


Q=(h,—h,)NZbT_ ¥* In (z/y,), 
and 7;=6300 deg. gives 1/y,=316,000. Then 
Q=5:2 x 107% quantacm.~* sec.—!. 
These quanta are emitted in all directions, of which half are outwards, so that the 
outward emission is 
2-6 x 10% cm.—? sec.—!, 


which is not great enough to influence materially the total Lyman emission from 
upper and lower chromosphere : we have already estimated about 10 cm.-* sec“! 
from the lower chromosphere. 

It should be noticed that this result has only been achieved by admitting the 
sharp rise of temperature above the half-ionized layer. A chromosphere at 
30,000 deg. would give far too much radiation to be allowed by the ionosphere, for, 
if the chromosphere were neutral, it would give 30,000 deg. black-body radiation in 
the Lyman continuum, which is too intense; and if it were ionized it would have 
to have a sharp temperature boundary at its base to keep the recombination 
radiation down. The boundary in our model is given by the conductivity 
equation, but there seems no reason for another sharp boundary at a lower level 
below a 30,000 deg. plateau as implied by Giovanelli (27). 

In order to compute the line emission from the upper chromosphere we use 
the expression derived in our earlier paper (1). The number of quanta emitted 
per unit volume and time is taken to be equal to the number of atoms excited to the 
upper state by electron collisions, that is equal to 

I2nef I : 

NoNe oon = (exp (—y)— 9H) (r0.2) 
‘where JN, is the concentration of atoms in the particular state of ionization being 
considered, x’ is the excitation potential (in ergs) of the strongest transitions, f the 
oscillator strength, and y= '/kT. To simplify the calculations we assume that 
each atom is in one particular state of ionization in a certain range of chromo- 
spheric height. The level dividing each ion from the next higher ion is obtained 
by putting x/(I—x)=1, where x is the fraction ionized. We have the relation 


x S 


I-x ao’ 
where S is the collision ionization coefficient and « the recombination coefficient. 
We use values that are generalized from our earlier paper as follows: 
S=3 x 10-§T12y-2 exp (— 11600y/T) (with x in volts) 
a=I°5 x ro“ Z27 12, 


from which we find that the temperature of the dividing level is given by the 
solution of 


T =5 x 10-*Z*y? exp (11600,/T) (with x in volts). 


From the model, the degree of ionization Z, and the ionization potential y, it is 
possible to determine the height range occupied by each ion. From (10.1) we 
determine the emission per unit volume at the top and the bottom of the range. 
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If these agree within about a factor of 3 we take a mean and multiply by the height 
to obtain the total emission. If they differ we use the difference to determine a 
scale height of the quantity and multiply this by the higher value. In order to 
apply the procedure we require values of the element/hydrogen ratios, ionization 
potentials x, and excitation potentials x’ and oscillator strengths f for the strongest 
lines. The element/hydrogen ratios are from our earlier paper (1), and both 
excitation and ionization potentials from Mrs Moore Sitterly’s recent tables (34). 
It was assumed that most of the energy in each spectrum was emitted in the 
transition from the lowest configuration to the next configuration of opposite 
parity. For neutral atoms it would be appropriate to take f=1, but when the two 
configurations have the same total quantum number, as is usually the case, the 
higher ions become more hydrogen-like and f tends to zero for this transition (35). 
Thus for MgX the f-values, which may be determined from the tabulation of 
Bates and Damgaard (36), are as follows :— 
Transition 2s—2p f=o-12, 

25— 3p f = 0°33, 

2s—4p f=0-08. 
We adopt the value of 0-2 for f throughout, and the emission is divided by 2 to give 
QO’ the outward flux per cm.?. Values obtained for the more abundant ions are 
shown in Table III. The total outward emission is about 3 x 10! quanta cm.~? 
sec.-! for radiation above 13-6 volts (and therefore capable of ionizing O to Ot 
in the Earth’s atmosphere) and another 3 x 10!* quanta between 10 and 13:6 volts. 
These values are reasonably close to the requirements of the F regions of the 
ionosphere, namely 10’ quanta cm.~*sec.-!. According to our calculations, line 
emission from the chromosphere is the most important source of solar far ultra- 
violet emission, the chromosphere being more important than the corona. 

We find that both continuous Lyman emission and emission in the lines of 
ionized atoms are of the right order of magnitude to produce an ionospheric layer ; 
but our calculations are not accurate enough to justify an attempt to identify any 
particular ionospheric layer with a particular solar emission. 

It may be noticed that the calculated solar emission, which is rather high for the 
ionospheric requirement, would be reduced if we were to use van de Hulst’s 
electron densities (7) for the corona, instead of Baumbach’s (4). 

It remains to be shown that the calculated emission of quanta does not require 
more energy than is conducted inwards from the corona. The various emissions 
considered have an average energy of about 13 volts, or 2 x 10" ergs, so that the 
emission of about 7 x 10! quanta requires 14,000 ergs cm.~* sec.~?, compared with 
17,000 ergscm.~*sec.-! conducted inwards according to equation (8.5). The 
model is therefore consistent in this respect, and it is unnecessary to postulate a 
source of energy in the chromosphere as distinct from the corona. 


Commonwealth Observatory, 
Mount Stromlo, Canberra: 


1950 February 28. 


References 
(1) R. v. d. R. Woolley and C. W. Allen, M.N., 108, 292, 1948. 
(2) R. Wildt, Ap. F., 105, 36, 1947. 
(3) S. Chandrasekhar and G. Miinch, Ap. 7., 104, 446, 1946. 
(4) S. Baumbach, A.N., 263, 121, 1937. 














372 Ultra-violet emission from the chromosphere Vol. 110 


(s) W. Grotrian, Z. Astrophys., 7, 26, 1933- 
(6) I. S. Shklovsky, Russ. A. ¥., 25, 145, 1948. 
(7) H. C. van de Hulst, Nature, 163, 24, 1949. 
(8) G. Cillié and D. H. Menzel, H.C.O. Circ., 410, 1935. 
(9) W. H. McCrea, M.N., 89, 718, 1929. 
(ro) R. G. Giovanelli, M.N., 109, 372, 1949. 
(rz) S. Chapman and T. G. Cowling, Mathematical Theory of Non-Uniform Gases, p. 179, 
Cambridge, 1939. 
(12) H. Alfvén, Ark. Mat. Astr. Fys., 27, No. 25A, 1941. 
(13) D. F. Martyn, Proc. Roy. Soc. A, 193, 44, 1948. 
(14) E. Jahnke and F. Emde, Tables of Functions with Formulae and Curves, New York, 
1943. 
(15) M. Nicolet, Mem. Inst. R. Met. Belg., 35, 1949. 
(16) W. N. Christiansen, D. E. Yabsley and B. Y. Mills, Nature, 164, 569, 1949. 
(17) J. L. Pawsey and D. E. Yabsley, Aust. ¥. Sct. Res., 2, 198, 1949. 
(18) H. C. Minnett and N. Labrum, Aust. ¥. Sci. Res., 3, 60, 1950. 
(19) J. H. Piddington and J. V. Hindman, Aust. ¥. Sci. Res., 2, 524, 1949. 
(20) M. Laffineur and J. Houtgast, Ann. d’ Astrophys., 12, 137, 1949. 
(21) Serv. Prév. Ionosphérigue Marine, Obs. Solaires Av.-Fuin 1948, p. 14. 
(22) J. H. Piddington, unpublished material. 
(23) R. O. Redman, M.N., 102, 140, 1942. 
(24) L. Goldberg, Ap. F., 89, 673, 1939. D. H. Menzel, Pub. Lick. Obs., 17, 1931. 
(25) Reference (8) as modified by Wildt; Reference (2), p. 52. 
(26) K. Wurm, Zs. f. Astrophys., 25, 109, 1948. 
(27) R. G. Giovanelli, Aust. ¥. Sci. Res., 1, 275, 289, 305, 360, 1948. 
(28) R. N. Thomas, Ap. #., 109, 480, 1949. 
(29) C.R. Davidson, M. Minnaert, L. S. Ornstein and F. J. M: Stratton, M.N., 88, 536, 1928. 
(30) S. E. A. van Dijke, Ap. F., 99, 121, 1944. 
(31) J. Séderqvist, Ark. Mat. Astr. Fys., 30, No. 11A, 1944. 
(32) D. R. Bates and H. S. W. Massey, Proc. Roy. Soc. A, 187, 261, 1946. 
(33) C. W. Allen, Terr. Mag., 53, 433, 1948. 
(34) C. E. Moore, “‘ Atomic Energy Levels,” Circ. N.B.S., 467, Washington, 1949. 
(35) This was pointed out in correspondence with Mr D. R. Bates. 
(36) D. R. Bates and A. Damgaard, Phil. Trans. Roy. Soc. A, 242, 101, 1949. 
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Summary 


Photoelectric observations have been made of the eclipsing binary 
S Antliae, using a blue-sensitive electron multiplier cell. A light curve has 
been derived showing the system to be one of two highly elliptical components. 
The system displays an anomalous reflection effect. A “‘ uniform” solution 
has been obtained for the observations and the results compared with figures 
given by A. H. Joy. The present results differ in several respects from those 
obtained by Joy. 





1. Introductory.—The desirability of observing S Antliae («=9"29™-7, 
= — 28°11’ (1900)) by photoelectric methods has been recently pointed out by 
N. L. Pierce.+ A summary of the earlier photometric observations has been 
given by A. H. Joy {t, who made spectrographic observations and demonstrated 
the binary nature of the object. Previously it had been held that the light 
variations were similar to those of a single rotating ellipsoid, having a period 
only half of that to be adopted for a binary object.§ Joy experienced difficulty 
in measuring the spectrum on account of a large rotational effect producing hazy 
lines. However, satisfactory velocity curves were obtained for the two components 
separately. The velocity curve was compared with a light curve constructed from 
the combined photometric observations of Pickering || and Wendell §, using the 
epoch and period of Luizet **, and a complete orbit was calculated. However, 
Joy concluded that the stars would repay further accurate photometric observation. 
2. Observational.—The observations were made with a multiplier photocell 
attached to the g-inch Oddie refractor. The cell (RCA Type IP21) was supplied 
with a potential of go volts per stage from hearing-aid batteries, mounted on the 
telescope. A slide diaphragm containing holes of various sizes was arranged 
at the prime focus of the telescope. A movable reflecting prism was inserted 
into the beam behind the diaphragm to enable the star image to be centred in 
the appropriate hole with the aid of a finding eyepiece. When making the actual 
photometric measurement the prism was withdrawn and the light leaving the 
hole was collected by a Fabry lens which projected an unfocused image of the 
illuminated objective on to the cathode of the photocell. These arrangements 
are quite usual. 

The output current of the photocell was passed through a 50-megohm resistor 
arranged in the grid circuit of a 954 tube operated with reduced filament, screen 
and anode voltages (4:1, 7-5 and 7:5 volts respectively). These values were 

* The actual observations are not reproduced here but will be available on request from the 
Commonwealth Observatory. 

t N. L. Pierce, Contrib. Princeton Univ. Obs., 22, 30, 1947. 

tA. H. Joy, Ap. F., 64, 287, 1926. 

§ H. Shapley, A.N., 194, 353, 1913- 

|| E. C. Pickering, Harvard Ann., 46, 124, 1903. 


q O. C. Wendell, Harvard Ann., 69, 44, 1909. 
** M. Luizet, A.N., 165, 291, 1904. 
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chosen so as to give a grid current low in comparison with the measured photo- 
current. The arrangement was biassed so that the anode current with the 
unilluminated multiplier amounted to some 125 microamperes. This current 
was partially balanced by anppposing current and passed through a microammeter 
to give a half scale deflection of about 25 microamperes. When the multiplier 
was illuminated, the current in the microammeter circuit was decreased. This 
decrease was now compensated by applying a measured alteration of bias to the 
50-megohm resistor. This measured alteration (expressed in millivolts) was 
taken as being proportional to the light intensity. Whilst the precise form of the 
relationship between light intensity and voltage alteration was not determined 
for this particular apparatus, careful measurements on similar equipment had 
shown it to be linear to within better than o™-oo1 over a range of 3™-o. 

The cell had been mounted in a vacuum tank and was provided with 
arrangements for refrigeration by dry ice. It was found that these precautions 
were not necessary to obtain stability in the dark current at the degree of 
sensitivity required. The cell was therefore operated under ordinary atmospheric 
conditions, and with the cell in the dark, only slow drifts of the microammeter 
needle, quite insufficient to affect normal readings, took place. In the illuminated 
condition the needle oscillated to an extent dependent on the state of the 
atmosphere. A capacity placed in parallel with the 50-megohm resistor gave 
the instrument a time constant of about I second. Each observation consisted 
usually of five readings of the light intensity of the variable interposed between 
two sets of the same number of readings of the comparison star. Corrections 
for the sky background were determined and applied when necessary. The 
usual reading for S Antliae was 700 mv., and was recorded to the nearest millivolt. 

3. Observations.—Comparisons of S Antliae with ¢? Antliae, totalling 408 in 
number, were obtained on 14 nights between 1949 January 15 and 1949 April ro. 
Control measures (59) were made of the difference (?— 1 Antliae on the same 
14 nights. The nightly averages of the control magnitude differences all lay 
between 0™-320 and 0-300 with the exception of a single result of o™-274 obtained 
on the first night of the programme. Corrections for atmospheric extinction 
were determined and applied as described elsewhere.* As the average deviation 
of the nightly measures, excluding the first night, amounted to but 0™-005, the 
main comparison star ¢* Antliae was accordingly treated as being of constant 
light. The observations were assembled on a provisional period of 04-64834 
(Luizet’s period doubled) and the means shown in Table I were obtained. The 
figures referred to as ‘‘ semi-normals’’ in the table were obtained by averaging the 
results in groups of eight in order of increasing phase. The semi-normals were 
then folded about the epoch of principal minimum and meaned in nearby pairs 
so as to give normals of 16 observations. Pairs were chosen, so that in most cases 
each normal was made up of a semi-normal before and a semi-normal after the 
principalminimum. Bothsemi-normals and normals aré shown in Tables I and II. 

Period.—Estimates of the period were made by several methods, viz. :— 


(a) from the interval between two primary minima observed in the present 
series ; 
(6) from the interval between two secondary minima; 
(c) from the interval between Luizet’s epoch and the epoch of the present 
observations. 
* A. R. Hogg, M.N., 106, 294, 1946. 
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TABLE I 
Semi-Normals—S Antliae 

Phase Intensity Phase Intensity Phase Intensity 
d d a 

0°003 0°630 0°292 0'716 0°493 - 1000 
‘O19 -661 "303 687 498 ‘991 
"043 "720 °317 ‘670 ‘505 “985 
"057 823 ‘327 665 ‘S11 "985 
‘073 ‘880 ‘335 ‘672 ‘525 “969 
"093 ‘919 ‘341 682 "541 "933 
"125 "990 "359 “766 "550 "909 
"143 1*002 ‘372 ‘773 "559 ‘897 
‘171 0°996 *383 ‘805 "569 874 
*184 ‘976 376 “841 576 *852 
‘207 ‘941 ‘407 ‘877 "583 "823 
218 “920 *420 ‘897 593 “780 
*225 "905 "432 ‘917 "607 °731 
237 ‘882 “441 938 ‘619 693 
‘247 "855 "453 ‘955 ‘629 652 
"255 "832 "473 "974 0°639 0°629 

0°269 0'779 0°485 0895 nd 

Each entry is the mean of eight observations arranged in 

increasing order of phase. ‘The measurements are expressed in 
light intensities adjusted so that the maximum light of the 
curve is 1°000. 


For methods (a) and (5), estimates of the epochs were made directly from a curve 
drawn through the observations on the particular night. In method (c) the 


epoch of the present observations was derived from the curve of normals which 
has been assembled, using Luizet’s period. Points were chosen in pairs on the 
freehand curve drawn through the normals. The points in each pair had the 
same light intensity but one was on the ascending and the other on the descending 
branch of the primary minimum. The mean of the phases of each pair of points 
was found; the grand mean of 10 pairs measured at equal intervals of 0™-05 gave 
the phase of the minimum, which added to the adopted epoch gave the epoch of 


TasB_e II 


Normals—S Antliae—Folded means of 16 observations—equally 
spaced before and after primary minimum 


Phase (Obsd.) (O-C) Phase (Obsd.) (O-C) 
d m m a m m 

0°006 0°502 —o'oo! 0°207 0065 +o°orl 
‘O19 458 0°000 ‘217 093 +0°004 
"042 348 +o°018 +226 "113 -+0°009 
-056 "240 —0'002 ‘239 "139 —0°005 
-OgI "105 +0003 250 ‘179 —o°'o17 
"102 ‘089 +0-°017* 267 253 —o’o1o 
"124 ‘022 —0'009 288 *370 +0016 
143 ‘006 —0°005 "305 “412 —0°004 
"156 "005 —o°004t "315 ‘433 —0°007 

0°173 0016 +0°002 0°321 0°4343 —o-003f 

Mean residual =o™-007 


* 16 observations before principal minimum. 


+ 24 observations before principal minimum. 
t 8 observations before principal minimum. 
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primary minimum 2432920°7715 + 0:0003 (G.M.H.T.). The periods derived 
from these methods with assumptions as to the number of intervening cycles are 
shown in Table III, in which the standard error for a night minimum is 04-004 
as determined by a method similar to the above. 


TaBLe III 


Epoch—Julian Day G.M.H.T. Assumed 
2400000°0-+ cycles 
i ii ili (i-ii)/ iii 
(a) Primary 32962°139 32936°203 40 01-64840 
minima 
(6) Secondary 
minima 33013025 32955°978 88 01-6 4826 
(c) Luizet’s 
epoch 32920°7715 10741°5248 34,209 01-64834528 
34,.209°5 0464833580 
34,210 01-64832642 


Period 


The mean of the two results dependent solely on the present observations (a and 5) 
gives a period of 04-64833, which may be compared with Luizet’s double period 
quoted by Joy, 04-64833872. Examination of the three figures derived by 
method (c) suggests that the minima used in the Luizet and the present results 
do not refer to the same eclipse and that probably the time of occurrence of 
primary minimum (used in the sense of the present observations) will for some 
time to come be well represented by 


2432920°7715 +0°6483358 T G.M.H.T., 


i.e. the result derived by assuming that 34,209-5 cycles intervened between the 
observations of Luizet andthe present. It should be pointed out that the apparent 
depths of the two minima differ by less than o™-07, 

Light curve, rectification —The appearance of the curve drawn through the 
normals of Table II indicated a high degree of ellipticity inthe components. The 
inter-eclipse observations could be represented by the usual form of equation, 
viz. :— 

L=A),+ A,cos@+ A, cos 26. (r) 


A least squares solution, using the normals between the phase angles 6=45° 
and 6=135° (which limits appear to be free of eclipses), gave 


Ay = +0°878 + 0-001 (s.d.), 
A, = + 0-021 + 0°003, 
A, = — 0-014 + 0-003. 


In the conventional representation of a close eclipsing binary system as consisting 
of two prolate spheroids of revolution with their major axes coincident with the 
line of centres, Ay and A, are functions of the ellipticity and gravity darkening 
of the components, whilst A, is a function of the reflection effect. When @ is 
measured from the deeper minimum, both A, and A, are negative in sign in the 
conventional model. In the present case it is clear that the conventional model 
does not strictly apply. However, it has been found that if the method of 
rectification described by H. N. Russell * is applied, then the resultant rectified 


*H.N. Russell, Ap. 7., 104, 152, 1946 
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curve shows a sensibly constant maximum light and reasonably symmetrical 
eclipses. The curve rectified in this manner has been adopted as a basis for the 
solution. Owing to the empirical nature of the rectification it has been thought 
undesirable to apply the more recent refined methods of solution; also any 
further resort to least squares appears unreasonable. 

Light curve, eclipses.—Following Russell’s earlier methods* a freehand 
curve was drawn through the rectified normals of the primary minimum and the 
phases corresponding to definite fractions of the total light loss were obtained. 
These phases were used with trial values of the function C/D= (ka }) and 
the coefficients w,(m) and w,(m) (Russell’s equation (g)) to find what value 
of x(kx9}) best suited the light-variation curve. Some six trial values of x(Ra»}) 
between I-60 and 1-75 were used and the value of the constant D calculated. 
Sums of the squares of deviations of D from the mean value in each trial were 
computed and it was found that the minimum sum corresponded to x(ka»}) = 1-665. 
Next, using Russell’s equation (j), pairs of values of k and a» (k=ratio of radii of 
larger and smaller stars, «)= maximum depth of eclipse) conformable with the 
observed rectified light losses at the two minima were calculated on the hypotheses 
that the primary minimum was (a) an occultation, (5) a transit. For each of the 
pairs the relevant values of x(ka }) was obtained from Russell’s Table III and the 
values of k and «, conforming to the value of x(ka)}) = 1-665 (as deduced from the 
light curve) was determined by graphical interpolation (Fig. 1) as:— 

k XK 
(a) Primary minimum an occultation 0-41 0°83 
(6) Primary minimum a transit 0°47 0-98 


These values led by the usual expressions to estimates of L,/L, (ratio of light of 
large star to light of small star) as 3-3 for the occultation and 8-1 for the transit 
hypothesis. Joy (loc. cit.) states that “‘spectrograms indicate that one star is 
brighter than the other in the ratio of approximately 2:1”. This makes the 
occultation hypothesis appear preferable, so it is adopted in the sequel. The 
value L,/L, adopted is that derived from the present light curve and is not the 
spectrographic value used by Joy. The adopted values of k and a» lead to the 
computed results shown in Table II. The rectification for this computed curve 
has been effected with the constants Ay, A, and A, of equation (1), with the 
exception that the observed value of Ay has been arbitrarily decreased from 
0-878 to 0-875 to give a better distribution of positive and negative residuals. 
The mean residual amounts to 0-007. 

Dimensions of orbit, masses, etc.—Continuing to make use of the methods set 
out by Russell (doc. cit.), the figures for the relative orbit shown in Table IV were 
obtained. 

The present figures differ in various respects from those of Joy. Perhaps the 
most noticeable difference is that Joy’s results indicate that the primary minimum 
is a transit and not, as considered here, an occultation. The radial velocity 
curve of course clearly shows that at the adopted phase of # =0 (i. e. the adopted 
primary minimum) the fainter star is in front. However, it is possible, as a 
considerable time elapsed between the original photometric and the spectroscopic 
observations, that the minimum adopted by Joy as the primary minimum might 
actually have been the secondary minimum of the light curve. Periods may be 

*H. N. Russell, Ap. F., 36, 385, 1912. 
27* 
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calculated from a combination of Luizet’s results with Joy’s spectrographic curve, 
with the assumptions that the adopted epochs of the two sets of observations 
refer to (a) the same class of minimum or (b) to a different class of minimum, 
i.e. that in the interval between the two sets (112354-857), either an even or an odd 
number of the Luizet half-cycles have occurred. The two periods thus obtained 
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Fic. 1.—The curve marked 2 A* shows trial values of C/[D=x(kx»}) in Russell’s equation (g), 
plotted as ordinates against the corresponding values of the sum of the squares of the deviations 
of D from the mean obtained with each trial value of C/D. The minimum value of £4* corresponds 
to the best trial value of x(k%t) with respect to the curve for primary minimum. 

The possible values of x(k) demanded by Russell’s equation (j) (relative depths of minima) on 
the hypotheses that the principal minimum is (a) a transit, (b) an occultation, are shown for various 
trial values of k in the curves marked accordingly. For reasons given in the text the occultation 
hypothesis is considered preferable and the intersection of the dotted line drawn for ZA* a minimum 
and the occultation curve gives the required value of k. The diagram places the uncertainty in k as 
about 0°01 units, which corresponds to an uncertainty 0-005 in %. 


are respectively (a) 04-64834720 and (5) 09-64832850. These figures differ from 
the Luizet period doubled by —8-5 and +10-2 millionths of a day. The point 
could best be cleared up by simultaneous or nearly simultaneous spectrographic 
and photometric observations. In the meanwhile it is reasonable tq consider 
this to be the source of the discrepancy between the two periods, more especially 
since the difference in observed depths of the minima is only 0-07. The present 
results also differ from those of Joy in showing a greater degree of ellipticity, a 
smaller value of k and a more inclined orbit. The ratio of the surface brightness 
of the components (J,/J,) differs notably, but this is to be expected from the 
difference in the effective wave-lengths of the two sets of observations. The 
present observations were made with a cell having maximum response at 3900 A. 
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Fic. 2.—The light curve of S Antliae. The dots represent individual observations and the 
curve is computed from the elements in Table IV. 





(makers’ data), whilst the photometric observations used by Joy were taken in the 
visual range. However, the present results strongly suggest that the two 
components do not have the same spectral type. Joy states that the spectrum 
of both components is A8, although “there is much uncertainty in the case of the 
fainter spectrum”’. ‘Taking the primary eclipse to be an occultation of a fainter 


and smaller star, then the present value of J ,/J, suggests that this smaller star 


TABLE IV 


Period 

Semi-axis major (large star) a; 
Semi-axis minor (large star) a, 
Semi-axis major (small star) 5, 
Semi-axis minor (small star) 5, 
Axial ratio k=a,/a,=5,/b, 
Ellipticity coefficient z 

Rectified light loss (primary min.) 
Rectified light loss (secondary min.) 
Ratio of surface brightness J ,/J, 
Light of large star L, 

Light of small star Ly 
Inclination of orbit i (degrees) 
Radius of relative orbit 

Radius of primary orbit 

Radius of secondary orbit 
Semi-axis major (large star) 
Semi-axis major (small star) 
Mass (large star) O=1 

Mass (small star) O=1 

Density (large star) O=1 
Density (small star) O=1 
Absolute magnitude (large star) 
Absolute magnitude (small star) 
Parallax (seconds) 


Joy’s results 
d 
0°64833872 
0°*502 
0°377 
0°389 
0°292 

0°775 
0°340 
O°145 
0°120 
1'2 

0°67 

0°33 

62°2 


2°30 X10° km. 
0°817 X 10° km. 
1°49 X 10° km. 
1°16 X 10° km. 
0°896 x 10° km. 


0°75 
0°42 
o°31 
0°38 
2°9 
4°6 
0'017 


Present results 
d 
0°6483358 
0°641 
0°419 
0289 
o°172 
0*410 
0*506 
0°194 
o°ri2 
1°73 
o°77 
0°23 
70°1 
2°175 X 10° km. 
0°767 X 10° km, 
1°40 X10°km. 
1°39 X 10° km. 
0°630 X 10° km. 
0°63 
0°35 
o°19 
1°37 
2°8 
4°1 
O'O14 
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may be of a type earlierthan A8. Taking Kuiper’s estimate of T, = 8000 deg. for 
an A8 star* and assigning an effective wave-length of 40004. (this estimate is 
based on the makers’ curve for the cell, the black-body curve for the star, and the 
atmospheric transmission; the transmission of the telescopic optics is not 
included), to the present observations, then the effective temperature of the smaller 
star would be 9200 deg., corresponding to a spectral type A3. ¢ 
The dimensions and masses of the stars have been calculated from Joy’s 
spectrographic data with the present value of 7 and do not differ very greatly from 
Joy’s results. The present densities give a value for the smaller component 
rather greater than might be expected. The absolute magnitudes have been 
calculated from the radii and effective temperatures by a method given by 
Gaposchkin.{ Taking the visual apparent magnitude of the system as 6™-74 
the magnitudes of the components, for L,/LZ,=3-I, amount to 7™-02 and 8™-34, 
The combination of the latter figures with the absolute magnitudes calculated 
with different assumed values of 7, gives the following parallax figures :— 
a 7 
Large star Small star Large star Small star 
8000 deg. 8000 deg. 0”-013 0”-017 
8000 deg. 9200 deg. 0” -013 0”-015 


It will be seen that a readjustment of T,, i.e. the spectral types of components, 
improves the agreement of the separately calculated values of the parallax. The 
mean of the values of the A8 + A3 system, 0”-014, has been adopted as the parallax 
of the system and the absolute magnitudes have been calculated accordingly. 
The parallax has been given by Adams § as 0”-007 from spectrographic results, 


and as 0”-014 by D. B. McLaughlin || from a recomputation of Joy’s results. 

4. Conclusion.—The results obtained here are in no sense definitive, nor can 
the uniform solution offered here be regarded as completely satisfactory, because 
of the anomalous reflection effect and the long interval between spectrographic 
and photometric results introducing uncertainty in the identification. of 
spectrographic and photometric phases. However, the results are presented 
to draw attention to this most interesting eclipsing system with a high degree 
of ellipticity and to point out the desirability of carrying out a set of spectrographic 
observations before too great an interval has elapsed. 
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Summary 


Observations of the discrete sources of radio waves in the galaxy have shown 
the existence of irregular refraction processes in the terrestrial ionosphere. 
These irregularities cause rapid fluctuations in the intensity of the radiation at 
the ground, whilst observations with aerials of high resolving power have 
shown, in addition, that the apparent position of a source may vary irregularly 
by 2-3 minutes of arc. The incidence of these irregularities shows a marked 
diurnal variation having a maximum at about o1) oo™ local time. 

It does not seem possible to account for the irregularities in the ionosphere 
in terms of solar emissions, and an alternative mechanism is proposed which 
is based on the interception of interstellar matter moving under the gravita- 
tional attraction of the Sun. If this hypothesis is correct, further experiments 
may provide information of interest in theories of the accretion of matter by 
the Sun. 





1. Introduction.—In a previous communication (Smith, 1950) an account was 
given of two series of experiments designed to determine the origin of the 
occasional fluctuations of intensity from the discrete sources of radio waves in 
the galaxy. One of these experiments (in which a wave-length of 3-7 m. was used 
to observe the source in Cygnus) was carried out in conjunction with the Jodrell 
Bank Experimental Station of Manchester University and some of the results 
have been described by Little and Lovell (1950). The second experiment was 
made with the radiation of wave-length 6-7 m. emitted from the major source in 
the constellation of Cassiopeia. Records of the intensity of the radiation were 
made simultaneously at two points, whose separation was varied. 

The results of these experiments have been summarized by Smith (1950), 
who concluded that two types of fluctuations occur :— 


(a) Sudden brief enhancements of the intensity which are suggestive of the 
‘“‘bursts”’ of solar radiation, and which appear to be due to genuine 
variations of the emission from the source. 

(6) Irregular variations, probably due to refraction processes occurring in 
the outer regions of the terrestrial ionosphere. 


In the present paper the latter phenomenon will be examined in greater detail, 
and an account will be given of further experimental results which have now been 
obtained. 

The occurrence of fluctuations which produce variations of intensity both 
greater and less than the undisturbed value are suggestive of an irregular refraction 
mechanism. The irregular distribution of intensity which would be produced 
by such a mechanism is conveniently thought of in general terms as a diffraction 
pattern. Booker, Ratcliffe and Shinn (1950) have recently considered some 
ionospheric problems in this way, and some of their concepts will be used in 
this paper. 





| 
| 
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Diffraction of radio waves might occur either in the interstellar medium or in 
the terrestrial ionosphere, and it is first necessary to determine which of these two 
possible regions is responsible for the fluctuations in the intensity of the galactic 
sources. In the earlier experiments, which have been described by Smith (1950), 
simultaneous observations were made on a wave-length of 6-7 m. with two spaced 
receivers; it was found that the fluctuations, which had an average duration of 
30 secs., were markedly different when the receivers were separated by a 
distance of 20km., whilst no correlation between the two records could be 
detected when the separation was increased to 170 km. (in an east-west direction). 

Similar results were obtained by Little and Lovell (1950) on a wave-length of 
3:7m.; they found small differences in the records when the separation of the 
receivers was only 3-9km. 

If the fluctuations were caused by diffraction in interstellar matter, the receivers 
would be moving through the diffraction pattern with the orbital velocity of the 
Earth, which is about 30km./sec. The observation of fluctuations having a 
duration of 30secs. would therefore imply that the diffraction pattern had a 
structure whose dimensions were at least 900km. The lack of correlation between 
the records obtained with receivers at much smaller distances shows that the 
diffraction pattern is of considerably smaller dimensions; the observations can 
therefore only be explained if the diffraction pattern is moving with the Earth. 
It may therefore be concluded that the diffraction occurs in the Earth’s atmosphere 
and is possibly due to irregularities in the density of ionization of the ionosphere. 

It was also pointed out by Smith (1950) that there was no detailed correlation 
between the occurrence of the fluctuations and the occurrence of ionospheric or 
magnetic storm activity. During periods of great storm activity the fluctuations 
have frequently been observed to increase, but their amplitude was not greater 
than that occurring on some magnetically undisturbed days. 

In the present paper the results of two separate investigations at Cambridge 
will be described. In one, observations were made on a wave-length of 3-7 m., 
using a system analogous to a transit telescope; with this instrument it is possible 
to make daily observations of the fluctuations of the intensity from a number of 
different sources, and continuous records of this type have been maintained for 
a period of 15 months. 

The second series of observations was made on a wave-length of 6-7 m. and was 
intended to record the fluctuations of intensity from a single source continuously 
throughout the day. In these observations an aerial system of comparatively 
small aperture was directed at the pole, so that the intense source in Cassiopeia 
could be recorded continuously. These observations have been continued for a 
period of six months. 

The two series of experiments will first be described in detail; the results 
obtained will then be discussed in relation to existing knowledge of the ionosphere, 
and finally possible mechanisms for the maintenance of irregular ionization will 
be considered. 

2. Observations on 3-7 m. with the ‘‘ Transit’’ instrument.—The aerial array 
used in these observations is arranged to receive uniformly over an aperture 
having a width of 20A in an east-west direction, and a width of 1A in a north- 
south direction. It is mounted horizontally and therefore receives in a narrow 
“fan’’ beam along the meridian; this “‘ fan’’ beam has a width (to half sensitivity) 
of approximately + 14° in an east-west plane, and extends from the pole to about 
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declination +10°. As the Earth rotates, the reception pattern will therefore 
sweep out the greater part of the northern hemisphere and radiation from any 
particular source will be received when it is situated within + 1}° of the meridian; 
it is thus possible to observe each source for a period of about 20 minutes each day, 

In some of the observations two similar aerials, separated by a distance of 
110 wave-lengths, were used together to produce, by interference, a reception 
pattern of considerable resolving power (Ryle, 1950). The improved discrim- 
ination of this system makes it easier to study the fluctuations of the weaker 
sources against the general background radiation from the galaxy, although the 
system is less convenient for determining the detailed structure of the temporal 
variations of intensity. (The sensitivity of such a system varies periodically as 
the source moves across the reception pattern, and since the regular variations 
have a duration comparable with that of the irregular fluctuations it is difficult 
to deduce the precise shape of the irregular fluctuations from the record.) 

If observations with this instrument are continued for a year, it becomes 
possible to find how the fluctuations from each source depend on local time, 
independently of any effects caused by change of the angle of incidence of the 
radiation, since each source is observed only near meridian transit. By making 
observations on a number of different sources at approximately the same 
declination but having different right ascensions, it becomes possible to separate 
effects associated with local time from those associated with annual changes. 

If sources at different declinations are observed, it is further possible to 
estimate the effect of the angle of incidence of the radiation on the ionosphere. 

Regular observations have been made with this instrument over the period 
1948 December to 1950 March, and the results obtained will now be summarized. 
In analysing the records an “index of fluctuation” has been used to represent 
the degree of variability, which is defined as the ratio of the mean deviation of 
the intensity to the mean intensity. In this analysis no account has been taken 
of the variations of the average duration of the fluctuations observed on different 
occasions; the records have, however, shown that wide variations do occur, and 
that fluctuations having an average duration as short as three seconds and as long 
as five minutes are occasionally observed. This result will be considered later 
in Section 6. 

Owing to the large day-to-day variations of the “index of fluctuation”’, the 
initial analysis is based on the mean value obtained for each month. The result 
of plotting this monthly mean for the period 1948 December to 1950 March, for 
four different sources, is shown in Fig. 1. The approximate positions of the four 
sources used in this analysis are :— 


I. 19-01 (Cygnus), R.A. 19"57™; Decl. + 40°. 
II. 23-01 (Cassiopeia), R.A. 23"21™; Decl. +58°. 
III. 05-or (Taurus), R.A. 05®32™; Decl. + 22°. 
IV. 12-01 (Coma Berenices), R.A. 12"28™; Decl. + 14°. 


It can be seen that both the shape and the absolute magnitude of the curves 
obtained for the four different sources are remarkably similar, but that they are 
displaced in time in order of their respective right ascensions. It is now clear 
why the early results obtained by Ryle and Smith (1948) during the months of 
May and June 1948 had indicated that the source in Cassiopeia showed considerably 
smaller fluctuations than that in Cygnus. 
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The recent observations suggest that there may be a marked diurnal variation 
of the disturbing influence; an apparent annual variation would then be caused 
by the difference in local time at which observations were made. 

In order to confirm this hypothesis, the four curves have been re-plotted in 
Fig. 2, with the time of observation as abscissae, allowance being made for the 
different right ascension of each source. 





Oi 


Jan. Feb. Mar. Apr. May June July Aug. Sep. Oct. Nov. Dec. Jan. Feb. Mar. 
1949 1250 





Fic. 1.—Variation of the ‘‘ fluctuation index ”’ for four sources during the period 1948 December 
to 1950 March. 


Regular observations on source III (05°01) were not started until 1949 May and observations 
of source IV (12-01) were not started until 1949 November. 


Ordinates : Fluctuation index. 


It can be seen that the curves coincide within the limits of accuracy of the 
experiment. The results shown in Fig. 2 therefore suggest that there is a marked 
diurnal variation of the influence causing the fluctuations; this variation shows a 
rapid rise from 202 00™ to 22" oo™, has a maximum at about 01" 00™, and sub- 
sequently decays to a small value at noon. 

Since the four sources are distributed widely in right ascension, it is clear 
that there can be no comparable annual variation of the disturbing influence; 
in particular it does not seem possible to account for the marked asymmetry of the 
curves in terms of an annual variation superimposed on a diurnal variation. 

It is important to notice that at the times of observation the radiation from the 
different sources is incident on the ionosphere at angles between 6° and 38°, 
whereas the observed maximum values of the fluctuation index for the different 
sources are very similar; it may therefore be concluded that for angles less than 
38° the angle of incidence does not have a major effect on the amplitude of the 
fluctuations. During these observations the larger angles of incidence were 
obtained for sources situated south of the zenith. 

3. Continuous observations of the intense source in Cassiopeia on a wave-length 
of 6-7 m.—In the second series of observations an aerial system of comparatively 
small aperture was directed at the pole so that the source in Cassiopeia (declination 
+58°) would always be within the reception pattern. For convenience in 
discriminating against the background radiation, two such aerials were used to 
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form an interference system of small resolving power. For certain positions of 
the source its angular motion will be perpendicular to the line joining the two 
aerials, and no periodic variation of the recorded power will be produced. 
Observations with this system therefore have poor discrimination against the 
general background radiation for two periods (of about two hours) each day. Since 
it would be difficult to make an accurate determination of the fluctuation index 
at these times, a second instrument was set up, having a similar pair of aerials but 
separated on a line perpendicular to that of the first pair. With these two instru- 
ments it becomes possible to make an accurate determination of the fluctuation 
index at all times of day. 


0-15 


° 








O:..20: 2 6.2, OO. 6. @. 2 16S 
Fic. 2.—Variation of the “‘ fluctuation index”? for the four sources plotted as a function of the 
time of observation. 


Ordinates : Fluctuation index. 
Abscissae : Local time. 


Observations with these instruments therefore make it possible to obtain a 
continuous record (apart from the disturbing effects of solar radiation and man- 
made interference) of the radiation from a single source. ‘The variations in the 
fluctuation index throughout any one day are likely to be due to the combined 
effects of the diurnal variation and the variation of the angle of incidence of the 
radiation on the ionosphere. By combining the observations made over a period 
of six months, it becomes possible to determine the two effects separately. 

Before carrying out observations at different angles of incidence, it is important 
to consider any possible effects due to refraction in the troposphere. Calculations 
based on the work of Appleton (1947) showed that in addition to any effects due 
to ionospheric refraction, observations made at angles of incidence greater than 80° 
might be appreciably affected by refraction in the troposphere. Since the 
superimposition of this additional process might confuse the study of the ionospheric 
refraction, it was decided to restrict the observations to the intense source in 
Cassiopeia, whose zenith angle is about 6° at upper culmination and 70° at lower 
culmination. This range of angles of incidence should be adequate to determine 
the dependence of the fluctuation index on the angle of incidence. 

Observations of the source in Cassiopeia with this system have been 
-maintained over the period 1949 October to 1950 March. The results are not yet 
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sufficiently complete to allow a full analysis of the relative importance of the 
diurnal effect and the angle of incidence in determining the amplitude of the 
fluctuations at a particular time, but it is clear that the main conclusions reached 
from the results on 3-7m. are confirmed. Thus there appears to be a marked 
diurnal variation whose maximum occurs at about or" 0o™ and there is some 
evidence for the same asymmetry. In addition, however, it is clear that the 
fluctuations are of greater amplitude when the source is at a large zenith angle, 
and observations made at the same local time near upper and lower culmination 
indicate that the fluctuations in the latter case are of approximately twice the 
amplitude of those in the former. 

It should be noted that in these observations the large zenith angles occurred 
in the north. In the previous observations on 3-7 m. the sources at large zenith 
angles were to the south. It is possible that, in addition to the effect of the angle 
of incidence, the direction of observation may be significant—f, as will be suggested 
in Section 6, the terrestrial magnetic field exerts a controlling influence on the 
mechanism of irregular ionization. 

The ability to observe one source throughout the day makes possible a more 
detailed study of the effects of magnetic storm activity. The results obtained on 
a wave-length of 6-7 m. confirm those obtained on 3-7 m., and indicate that even 
intense magnetic storms produce an effect not significantly greater than a typical 
midnight value, although the fluctuations may persist throughout a greater part 
of the day. 

4. The relation between the occurrence of fluctuations and other ionospheric 
phenomena.—So far no indication has been given of the frequency of occurrence 
of the disturbed periods, nor of their detailed relation to the results of other 
measurements of the ionosphere. It has merely been shown that during a day 
when fluctuations are observed, the maximum effect occurs soon after midnight, 
with a gradual decrease throughout the early morning; there appears to be no 
detectable annual variation. It is now necessary to examine other evidence for 
the existence of irregular ionization in the ionosphere. 

It is well known to ionosphere workers that pulse methods of examining 
Region F sometimes show remarkable irregularities in the reflecting region; 
this phenomenon, which is known as “ spread-F’’, suggests that irregular regions 
of increased ionization density occur above the normal height of maximum 
ionization. It is possible that such clouds are frequently present, but that they 
are of insufficient density to be detected by pulse-reflection methods on any 
wave-length capable of penetrating the normal Region F. 

Booker and Wells (1938) have examined this phenomenon, and have suggested 
that the experimental observations using pulses at relatively longer wave-lengths 
between 30m. and 300m. could be accounted for by Rayleigh scattering from 
spatial irregularities in the upper levels of Region F, in which the electron density 
was two or three times the undisturbed value. The occurrence of these irregular 
echoes shows a marked diurnal variation, usually setting in between 19" 0o™ and 
20" oo” local time, and decreasing during the latter half of the night, with a rapid 
disappearance near dawn. Booker and Wells account for the latter phenomenon 
by supposing that the normal mechanism of Region F ionization, due to solar 
radiation, produces a continuous reflecting layer below the irregular region; 
any wave which could be scattered by the irregularities will then be reflected by 
this continuous layer and spread echoes will not be detectable. They also note 
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that whereas the phenomenon is very frequent, no obvious correlation with 
magnetic activity can be found. 

Additional evidence for irregular ionization in Region F has been provided 
by radio pulse observations of the Moon on a wave-length of 14-8 m. (Kerr, Shain 
and Higgins, 1949) and by observations of the intense 5 m. radiation emitted 
by sunspots (Payne-Scott and McCready, 1948). In the latter case there was 
of course the possibility that the ionosphere was itself disturbed as a result of the 
enhanced solar activity. 

The presence of irregularities of the type described by Booker and Wells 
might be sufficient to account for both of these observations and for the fluctuations 
in the radiation from discrete galactic sources. It is therefore important to examine 
the occurrence of spread-F echoes in relation to the occurrence of fluctuations in 
the intensity from the galactic sources; this possible relationship is also suggested 
by the similarity between the diurnal variations of the two phenomena. 

An analysis has therefore been made of the period 1949 June I to 1949 
September 30, when marked fluctuations were frequently observed in the 
intensity of the 3-7m. radiation from the two intense sources I and II (in the 
constellations of Cygnus and Cassiopeia). Information concerning the occur- 
rence of spread-F echoes during this period was obtained from the Radio Research 
Station at Slough. Marked fluctuations of the 3-7 m. radiation from the galactic 
sources were observed on 33 per cent of the nights during this period, whilst 
spread-F echoes occurred on 25 per cent of the nights. 

The Slough data consisted of hourly observations indicating the presence or 
absence of spread-F echoes; since each source was only observed for a period 
of about 20 minutes at transit, an interval of three hours, centred at each of the 
transit times, was considered. A figure, in the range 0-3, was thus obtained for 
the spread-F activity, according to the number of occasions when spread-F 
was reported. 

The observations therefore provide two independent series of simultaneous 
measurements of spread-F activity and fluctuation index. The correlation 
coefficient for each of these series may therefore be calculated, and the values 
obtained for sources I and II were 0-42 and 0-45. In each case the probability 
of such a figure occurring by chance (if the two phenomena were unrelated) is 
about I: 1000. 

There can therefore be little doubt that both phenomena are related to the 
same primary disturbance and, as will be shown in the next section, there is good 
reason to believe that both phenomena could be accounted for by the same 
irregularities of ionization in Region F. 

It is now necessary to examine what conditions in Region F would give rise 
to the observed fluctuations. 

5. The diffraction of plane waves by an irregular medium.—In this section 
an attempt will be made to deduce from the experimental observations the nature 
of the irregularities in Region F. No attempt will be made in the present paper 
to carry out a rigorous analysis of the diffraction phenomena involved, and the 
aim will be merely to arrive at an order of magnitude for the dimensions and 
density of the irregular regions. 

For wave-lengths in the range 3-7-6-7 m. absorption in the ionosphere is 
negligible and the effect of irregularities in the ionization density will be to 
produce irregular variations of phase across the emergent wave-front; the effect 
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of an irregular ionosphere may therefore be compared to the transmission of light 
through a transparent plate of glass of irregular thickness. In the following 
analysis the approximate width and depth of the irregularities will be deduced. 

The problem of the diffraction of plane waves by an irregular screen has already 
been considered in some detail by Booker, Ratcliffe and Shinn (1950); their 
conclusions will be applied to the present problem. 

For a diffracting screen which produces irregular variations of the intensity 
across the emergent wave-front, but which causes no variations of phase, it is 
possible to associate the spatial distribution of intensity across a remote plane 
parallel to the screen, with the irregular variations in the diffracting screen itself. 
It has already been pointed out that at these wave-lengths spatial irregularities 
in the ionization density will produce variations of phase across the emergent 
wave-front, but that the variations of intensity will be negligible. Under these 
conditions it is only possible to make deductions about the structure of the 
irregularities of ionization density by observing how both the intensity and the 
phase of the wave vary across the diffraction pattern at the ground. 

Whilst it is relatively simple to deduce the instantaneous variation of intensity 
across the ground by making simultaneous observations of the intensity with two 
or more spaced receivers, the determination of the relative phase of the radiation 
incident at two widely separated points presents considerable difficulty. 

In Section 5(a@) an account will be given of a method which has been used 
to determine the gradient of phase with distance along the ground, by instantaneous 
observations of the direction of the incident wave-front. In order to deduce the 
total variation of phase across the diffraction pattern at the ground, it is necessary 
to know the approximate dimensions of the region over which the measured 
gradient of phase is maintained. It is here necessary to consider the possible 
mechanisms which could give rise to the temporal variations of intensity (or of 
wave-front direction) at a point on the ground. 

Two mechanisms suggest themselves :— 


(i) The formation and decay of the additional ionization. 


(ii) The movement of the diffraction pattern across the ground ; this movement 
might be caused by the presence of winds in the ionosphere or simply 
by the rotation of the Earth. 


From previous studies of the ionosphere it seems unlikely that the first of these 
mechanisms could give rise to fluctuations as rapid as those observed; the decay 
of ionization in Region F normally occupies a period of several hours. If the 
variations are caused by the movement of the diffraction pattern across the ground, 
a comparison of the average duration of the variations of intensity with that of the 
variations in the direction of the incident wave-front makes it possible to compare 
the average dimensions of the region over which the amplitude is constant with 
those of the region over which the direction of the wave-front isconstant. From 
the previous observations it is then possible to determine the total variation of 
phase across the diffraction pattern at the ground; the methods of Booker, 
Ratcliffe and Shinn (1950) may then be used to determine the approximate 
structure of the irregularities of ionization density in the ionosphere. 

(a) The determination of the instantaneous direction of the incident wave-front.— 
The instantaneous direction of the incident wave-front may be determined by 
observing the apparent position of the source; in the present series of experiments 
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a spaced-aerial interference system similar to that used by Ryle and Smith (1948) 
has been employed, and the variations in apparent right ascension have been 
observed. 

In the initial experiments on 6-7 m. two aerials separated in an east-west 
direction by 10 wave-lengths were used to produce an interference pattern which 
was moved across the source in Cassiopeia by the Earth’s rotation. In the absence 
of any refraction effects, the received intensity fell to zero each time there was a 
half-wave difference in the paths to the two aerials. If irregular refraction occurs 
in the ionosphere, it is to be expected that the direction of the wave-front will be 
modified; the times at which a minimum intensity occurs will therefore be 
displaced, and by observing the average displacement of a large number of the 
minima from their expected times, it is possible to determine the average variation 
in the direction of the wave-front at the aerial system. 

In the initial experiments no measurable displacement of the minima could 
be detected even at times when marked fluctuations of the intensity were observed ; 
it was therefore concluded that the direction of the wave-front was not undergoing 
variations greater than about 1°. Further experiments were therefore carried 
out, using a spacing between the aerials of 60 wave-lengths. During these 
observations occasional displacements were observed during very disturbed 
periods, which corresponded to an instantaneous deviation of the wave-front as 
great as 4°; the average range of the observed deviations was 2-3 minutes of arc, 
as can be seen from Fig. 3 in which a histogram of the deviations is plotted for 50 
observations. 

It can therefore be concluded that no large deviations of the wave-front occur 
even when very large fluctuations of the intensity are observed; under normal 
conditions when fluctuations are present, the average deviation is 2-3 minutes 
of arc. 

(b) The total phase differences across the wave-front at the ground.—The 
previous experiments indicated that the slope of the wave-front at a point on the 
ground was liable to vary through a range of a few minutes of arc. In these 
experiments observations were also made of the rate of change of the direction of 
the wave-front; it was found that the average rate of change was comparable with 
the rate of change of the intensity, i. e. the fluctuations had a duration of the order 
of 30 secs. On the assumption that the temporal variations of intensity at 
a point on the ground are due to the movement of the diffraction pattern across 
the receiver, it may therefore be concluded that the average dimensions of the 
regions over which the deviation of the wave-front is constant are comparable 
with those over which the intensity is constant. Previous experiments have 
shown this region to be about 5 km. in extent. 

Knowing the average deviation of the wave-front (2-3 minutes of arc) and the 
average distance over which this deviation is maintained (5 km.), it may therefore 
be concluded that the total phase variation in the wave-front corresponds to a 
path difference of the order of 5 m., i.e. about one wave-length. 

(c) The dimensions of the irregularities in the ionosphere.—lf diffraction occurs 
at a non-absorbing “‘ phase’’ screen (which merely modifies the phase distribution 
across the emergent wave-front), information concerning the structure of its 
irregularities may be deduced from observations of the distribution of phase and 
intensity across a remote plane which is parallel to the screen (Booker, Ratcliffe 
and Shinn, 1950). In the present problem it can be shown that the observations 
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on the ground are consistent with diffraction at an irregular ionosphere, in which 
the lateral dimensions of the irregularities are of the order of 5 km., and in which 
the average path difference introduced by the irregularities is of the order of one 
wave-length. 

The total retardation introduced by Region F for a wave-length of 6-7 m. is 
of the order of 1000 wave-lengths; the observed fluctuations could therefore be 
accounted for by irregularities in the ionization density which correspond to a 
variation of the thickness of Region F of only 0-1 per cent. 


























5 10 
Fic. 3.—Histogram of the instantaneous deviation of the incident wave-front 
(i. e. the error in the apparent R.A. of the source.) 
Ordinates : Number of observations. 
Abscissae : Minutes of Arc. 








In addition to the experiments carried out on a wave-length of 6-7 m., a limited 
number of observations were also made on 3-7m. In these observations the 
average deviation of the wave-front was somewhat less, being of the order of 
I-2 minutes of arc under normally disturbed conditions; taking account of the 
shorter wave-length, this result gives a variation of ionization density of the same 
order of magnitude as that found on 6-7 m. 

6. The origin of the irregular ionization.—In the previous section it was shown 
that the observations could be accounted for by the presence of regions of 
enhanced ionization density in Region F, having average dimensions of the order 
of 5km., and an additional ionization density corresponding to an increase in 
thickness of the region of about 0-1 per cent. 
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Previous studies of irregular ionization in Region F (Booker and Wells, 1938) 
have supposed that the diurnal variation in the occurrence of spread-F echoes 
was due to the formation at dawn of a continuous layer below the irregular region ; 
this layer would then reflect back any radio pulses capable of being appreciably 
scattered by the irregular region, and would prevent further observation of the 
irregularities. The present series of experiments has been carried out on wave- 
lengths sufficiently short to be unaffected by the formation of a continuous layer 
of ionization and therefore allows observation of the irregularities at all times of 
day. 

These experiments have given the important result that there is a genuine 
diurnal variation in the occurrence of the irregular ionization; the irregularities 
do not exist during the afternoon, but build up rapidly between 20" oo™ and 
225 00™ to a maximum at about or" 00™, The time of maximum rate of growth 
appears to remain constant throughout the year, and does not, therefore, seem to 
be related to the time of sunset. 

Two possible mechanisms for a diurnal variation of the irregular icnization 
suggest themselves :— 


(a) A diurnal variation of some additional ionizing process, which has a 
maximum shortly after midnight. 


(b) Diurnal changes in the ionosphere which alter the effectiveness of some 
permanent source of irregular ionization (i.e. the normal variations 
associated with solar radiation might at some periods of the day produce 
conditions particularly favourable for the formation of irregularities). 


If the latter mechanism were responsible, however, it would be expected that 
the form of the diurnal variation would be similar to that of other ionospheric 
measurements, particularly of those relating to Region F. It is found that apart 
from the incidence of spread-F echoes, none of the normally recorded variables 
of Region F shows a similar diurnal variation. It therefore seems more likely 
that the diurnal variation of the fluctuation index is caused by actual variations in 
the intensity of the process causing irregular ionization. 

The origin of the irregular ionization observed in Region E has been extensively 
studied (Appleton and Naismith, 1947; Lovell, 1948); the results have shown a 
conclusive relationship with the incidence of meteors. A similar origin does 
not appear possible for the irregularities in Region F, both because of the absence 
of any correlation with the major meteor showers, and because of the marked and 
regular maximum soon after midnight. 

In addition to corpuscular matter of meteoric origin, it is well known that at 
times of solar activity intense streams of particles are incident on the Earth’s 
atmosphere and give rise to magnetic storms and aurorae. It has been found that 
at such times additional fluctuations are observed which have a character similar 
to those normally observed, but which persist throughout a greater part of the day. 
Whilst this observation suggests that corpuscular matter may also be responsible 
for the normal fluctuations, it does not seem likely that such matter could be of 
solar origin. 

It is possible that the incidence of corpuscular matter of interstellar origin 
might provide an explanation of the irregular ionization of Region F. It has 
been shown by Hoyle and Lyttleton (1939) that the gravitational attraction of the 

28 


Ct hag PEt ara nt ke ie SR NT hea Ras. 











392 M. Ryle and A. Hewish, The effects Vol. 110 


Sun will cause interstellar matter to fall towards the Sun from a considerable 
distance (which depends on the velocity of the solar system relative to the inter- 
stellar matter). When the particles reach the orbit of the Earth they will have 
attained a radial velocity given by mv? =GMom/r, or v=1/(2GMo/r), where G 
is the gravitational constant, Mo is the mass of the Sun, and r is the orbital radius 
of the Earth; the density of the particles may be considerably greater than that 
of the undisturbed interstellar matter. 

Since the orbital velocity of the Earth is given by »/(GMo/r), the relative 
motion of the interstellar matter will be normal to the surface of the Earth at about 
024 20™ localtime. (This result is only obtained if the general motion of the solar 
system relative to the interstellar matter is small compared with the orbital velocity 
of the Earth.) If interstellar particles were responsible for producing ionization 
in Region F, it might therefore be expected that the maximum disturbance would 
occur at about 02" 20™ local time, with a cut-off somewhat before 20% 20™ and 
somewhat after 082 20™. Although the time of the maximum disturbance does not 
agree with the experimental observations of the maximum fluctuation index 
(Fig. 2), the times of onset and disappearance of the phenomenon are in good 
agreement with those predicted by such a mechanism. 

As has already been pointed out, it does not seem possible to account for the 
asymmetry of the experimental curve (Fig. 2) in terms of an annual effect, since all 
four sources exhibit the same asymmetry. It does not therefore seem possible 
to explain it in terms of the general motion of the solar system relative to the 
interstellar medium. It is suggested that the asymmetry might be caused by some 
local controlling effect, such as the deflection of the incoming particles by the 
terrestrial magnetic field. 

Additional evidence for a mechanism based on the incidence of corpuscular 
matter is provided by the occasional observation of a sudden increase in both the 
amplitude and rate of the fluctuations; during a subsequent period of 30-40 
minutes it is then found that the fluctuations gradually decrease in amplitude and 
increase in duration. This observation suggests the formation of localized intense 
regions of additional ionization, which gradually diffuse out to form a more 
uniform region. 

In addition to the evidence provided by radio measurements, observations 
of the intensity of the light from the night sky (Vegard, 1948; Vassy and Vassy, 
1948) have shown that marked irregularities are frequently observed; these 
irregularities are of brief duration and may cover only a small fraction of the sky 
and are usually observed at about 22" oo™ and in directions to the north. These 
authors have noted the similarity of the irregularities to those associated with 
auroral activity, although they are far less intense, and are observed much more 
frequently. It seems possible that their observations may also be interpreted 
in terms of the incidence of corpuscular matter not necessarily of solar origin. 

7. Conclusions.—Observations of the discrete sources of radio waves in the 
galaxy on wave-lengths of 3-7 m. and 6-7 m. have indicated that fluctuations in the 
received intensity are caused by irregularities in Region F of the terrestrial 
ionosphere. The occurrence of these irregularities shows a marked diurnal 
variation, the fluctuations increasing rapidly at about 21" 0o™ local time, to a 


maximum at O12 00™; the onset does not appear to be related to the time of 
sunset. 
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Experiments made with aerial systems of large resolving power have enabled 
the instantaneous direction of arrival of the radiation to be measured. It has 
been found that in addition to variations of the intensity, the apparent position 
of a source may show rapid variations; the average displacement of the position 
at times of marked disturbance may be as much as 3 minutes of arc at a wave-length 
of 6-7m. and 1-2 minutes of arc at 3-7m. ‘These variations, which have an 
average duration of about 30 secs., are therefore sufficient to cause difficulties 
in the accurate location of the galactic sources at the longer wave-lengths. 
Observations with the present accuracy are not, however, likely to be affected 
during the daytime on these wave-lengths, and observations on shorter wave- 
lengths should be little affected at any time of day. 

An analysis of the distribution of phase and intensity of the radiation across 
the ground makes it possible to obtain information on the irregular structure in 
the ionosphere which is responsible for the fluctuations; a detailed analysis of 
this problem will be given elsewhere, but it can be concluded from the present 
experimental results that the lateral dimensions of the irregularities are of the order 
of 5km., while the variations of ionization density correspond to variations in 
thickness of Region F of about o-1 per cent. These observations suggest an 
important extension to the present pulse methods of ionospheric study. In 
particular it becomes possible to obtain information on irregular regions situated 
above a uniform layer of greater ionization density; earlier pulse observations of 
irregular ionization in Region F were not able to demonstrate that the irregularities 
exhibited a marked diurnal variation. 

The origin of the irregular ionization is not known; it does not, however, seem 
likely that it is due to solar emissions, owing to the form of the diurnal variation. 
One possible mechanism which provides a satisfactory explanation of the diurnal 
variation is based on the interception of interstellar matter which is moving in the 
gravitational field of the Sun. If this hypothesis is correct, the absence of any 
significant differences in the shape of the diurnal variation at different times of 
year would indicate that the general motion of the solar system relative to the 
interstellar matter is small compared with the orbital velocity of the Earth. 

If this hypothesis is confirmed by more extended observations, the results 
may be of considerable interest in their application to theories of the accretion of 
matter by the Sun; it is possible that more accurate observations might then 
enable any general motion of the solar system relative to the interstellar medium 
to be determined. 
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Summary 

The relationship between variability in line intensity, radial velocity, 
magnetic field, and luminosity of HD 125248 is examined. Using the period 
9'295 days given by Deutsch for the spectrum changes, the radial velocity 
measurements made by Morgan in 1931 are analysed. These measurements 
suggest a radial velocity variation of approximate amplitude 13 km./sec. with 
zero velocity when the Eu II lines have their maximum intensity. Thus the 
velocity zeros occur when the magnetic field variation discovered by Babcock 
has its extreme values. Photometric measurements leading to the light curve 
of the star are described. An harmonic analysis shows the light variation to be 
symmetrical about the maximum, the first and second harmonics being the 
principal terms. ‘The elements of the light variation are 

Light maximum=JD 2433 103:95+9°295E, 

the maximum occurring when the Cr II lines have their greatest intensity. 
The light maximum occurs when the magnetic intensity of the polar field is 
—6500 gauss, and the minimum when the field is +7800 gauss. The 
amplitude of the light variation at the effective wave-length 40004. is 
consistent with a colour temperature change from maximum to minimum 
light of about 250 deg. K., corresponding to a gradient change of about o-o1. 
No change in colour has so far been detected. 





1. The spectrum of HD 125248 (BD — 18° 3789 Vir) has been analysed by 
Morgan (1) who discovered large changes in the absorption line intensities. The 
lines due to ionized europium were found to exhibit periodic variations in intensity 
out of phase with somewhat similar variations in the lines due to ionized chromium. 
The neutral chromium line A 4254 was found to vary with the CrII lines with a 
range of variation about the same as the strongest CrII lines AA 4242, 4269 and 
4558. The most marked EuII intensity variation was shown by 44205. An 
unidentified line at A 4296 was found to vary in phase withthe EuII lines. Possible 
changes in the lines of H and MgII were also noted. 

The line intensity variations were later studied in detail by Deutsch (2) who 
found the elements of the variation to be 


Eull maximum = Cr II minimum = JD 2430 143:07 +.9°:295E. 


In addition to the above-mentioned changes in the spectrum the lines of Ca II K 
and MgII A4481 were found to vary with CrII, and lines of SiII and Fell 
probably with CrII also. Deutsch found an abrupt change in the spectrum near 
the phases 0”-2 and o”8 after EuII maximum, the minimum being flat while the 


maximum is more rounded. He concludes that the line intensity variation is 
certainly anharmonic. 
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Somewhat similar spectrum variability is shown by «?Canum Venaticorum 
(HD 112413) and has been studied comprehensively by Struve and Swings (3). 
This star shows the same out-of-phase variation between the Eu II and Cr II lines 
as in HD 125248, but the range of variability with a period of 5-469 days is much 
greater, the EuII lines increasing from invisibility to an intensity which places 
them amongst the most conspicuous lines in the whole spectrum. 

2. Morgan found that the line intensity estimates from twelve plates were 
satisfied by a period of 3-18 days, but the radial velocity measures assembled on 
this period did not give any certain evidence of periodicity. However, the scatter 
in the measures appeared to be much larger than it should be if the velocity were 
constant. We have found that when the phases of Morgan’s radial velocity 
measurements are calculated with the revised period given by Deutsch, there is 
then definite evidence of variability. Weighting the measures in his 1931 series, 
according to plate quality, we have made a least squares solution for the radial 
velocity in the form 

V =v+asin§+bcos 8, 


where 6 =27 x phase, and phase zero=EuII maximum. Twelve equations of 
condition gave 


o=—2:4+1-2(p.e.), a=12:6+2°-0, b=1-6+1-4. 


We conclude that there is evidence for a sine variation of amplitude about 
13 km./sec., the variable component of the velocity being zero when the Eu II lines 
are a maximum. 

It is not clear to which lines Morgan’s radial velocity measures refer, and 
consequently the variation suggested is to be regarded as tentative in view of the 


fact that the velocity measurements of Struve and Swings (3) for «?C Ven show a 
complex state of affairs. The rare earths and some other elements of low ionization 
potential give a shallow minimum and a sharp maximum with zero velocity 
roughly in phase with the EuII line intensity maximum; CrII and some other 
elements give two maxima in the radial velocity per period, whilst Mg II, Si Il, H 
and Call show no appreciable variation. Babcock (4) has indicated that in 
HD 125248 there are systematic changes in radial velocity with phase for three 
groups of elements characterized by the rare earths, iron and chromium, but that 
the differences between the various elements are small. For the purpose of the 
discussion in Section 5 we shall make use of our analysis of Morgan’s measures 
which suggest an amplitude of about 13km./sec. with zero velocity at the Eu II 
maximum. 

3. The investigations of Babcock (5) on magnetic effects in stellar spectra have 
made it possible to measure the intensity of the polar field from a study of the 
Zeeman effect in the spectrum lines. The displacement 5 of the centre of gravity 
of a normal Zeeman triplet blend when observed with a circular analyser is inter- 
preted in terms of the surface field due to a magnetic dipole at the centre of the 
star. ‘lhe Zeeman effect integrated over the visible hemisphere has been calcu- 
lated by Babcock for the case of a star with limb darkening coefficient u =0-45, 
the magnetic axis and the line of sight being coincident. The integrated 
displacement, obtained partly by numerical methods, is given as 5 =0-311aH,, 
where aH, is the displacement at the pole. The integrated Zeeman effect for a 
star viewed at any angle to the magnetic axis has not yet been given. In view of 
the possibility that the magnetic axis may be inclined to the axis of rotation, as in 
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the Earth and the Sun, we have given in an appendix to this paper a brief con- 
sideration of the case of a star with a linear law of darkening (I —u + ucos 6) viewed 
at any angle « to the magnetic axis. The integrated displacement is found to be 
given by 

Mcosa 15+u 


5(a,u)=a 7 





’ 


where R is the radius of the star and M the moment of the magnetic dipole at the 
centre of the star giving rise to the polar field H, =2M/R*. We conclude that a 
star whose surface fteld is due to a dipole of magnetic moment M at its centre, when 
viewed at an angle « to the magnetic axis, gives an integrated Zeeman effect due toa 
dipole of moment Mcos«. 

If the axis of rotation of the star makes an angle p with the line of sight and an 
angle 8 with the magnetic axis the value of « at any phase of the rotation is given 
simply by 

cos « = cos pcos 8 + sin psin f cos 8, 


where 6=227x phase. The variation in the displacement has been computed 
for a variety of conditions in order to demonstrate the order of magnitude of the 
magnetic variability which the movement of the magnetic axis simulates. 

Babcock (6) has found that the magnetic field of HD 125248 is not only variable 
but reverses its polarity. The magnetic variation with period 9-3 days takes place 
in synchronism with the spectrum variations described in Section 1, showing a 
maximum polar field strength + 7800 gauss in phase with the maximum in the Eu II 
line intensity, and a polar field — 6500 gauss when the Cr II lines arestrong. Zeros 
in the field occur approximately when the Eu II and Cr II lines are about the same 
intensity. Although the effect described in the preceding paragraph and illustrated 
in Fig. 1 may well be of importance in some cases of magnetic variability, as has 
already been suggested by Babcock (4), the reversal in polarity in HD 125248 and 
the fact that the spectrum lines show only about half the rotational broadening 
due to a nine-day rotation, suggest that the magnetic changes in this case are 
intrinsic variations of the surface field. 

4. A photometric study of HD 125248 has been made at the Commonwealth 
Observatory with a view to detecting changes in the luminosity of the star. The 
investigation was undertaken following Dr Babcock’s discovery of magnetic 
variability, a phenomenon which seemed to cast some doubt on the proposed 
relationship between angular momentum and magnetic moment. A preliminary 
announcement has been made by the writer (7) of the discovery of a small but 
well-defined light variation of range 0™-053 with a period of 9:3 days. The observ- 
ations were made with the Oddie Refractor (nine inch), and a rP21 electron 
multiplier photometer which has been already described (8). 

A survey of possible comparison stars for HD 125248 indicated the suitability 
of HD 124683, a star which combined the convenience of proximity with the 
virtue of constancy, and in addition was only one subclass different in spectral type 
from that of the variable. Table I gives the results of the photometric observations. 
Each comparison made consisted of five readings on HD 125248 taken between 
two sets of five readings on the comparison star. The magnitude differences 
HD 125248 minus HD 124683 for the night were averaged and the probable error 
determined, the mean epoch of the comparisons for each night being reduced to 
heliocentric Julian Day. A glance at the second and fifth columns in Table I 





| 
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shows the continuity of the observing. The light variation was followed through 


eight periods in the twenty-six observing nights finally adopted for the 
determination of the light curve. 





weenge, Axis of 
:{ Rotation 





























n . ‘ ‘ 5 i l 
OPO OF O2 03 04 OF 06 O07 O8 G9 I?-0 Phase 
Fic. 1.—Apparent magnetic variations during the rotation of a star when viewed obliquely to 


the axis of rotation, the magnetic and rotational axes not being coincident. The four curves shown 
for each inclination to the line of sight are for co-latitudes 20°, 40°, 60° and 80° of the magnetic pole. 
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The well-defined nature of the variation shown by the preliminary light curve 
(7) strongly supports the nine-day period as the period of light variability. 
However, Deutsch has drawn attention to the possibility that a period of the order 
of the reciprocal of his adopted period is not entirely ruled out by the spectrum 
measurements, although the use of periods near one day does give an appreciably 
greater scatter in his assembled observations. But the photometric measurements 
enable us to reject this possibility because a period of order one day would give 
a maximum rate of change of brightness of about o™-or per hour, and throughout 
an observing period extending over two to three hours at the epoch of maximum 
rate the residuals should readily show an effect. An examination of the 
behaviour of the residuals throughout each night’s observations shows that in 
no instance do they have a definite trend and furthermore the expected effect 
is between ten and twenty times the probable error in the mean magnitude 
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TABLE I 
Photometric Observations 





Mean epoch Mean Mean epoch Mean 
Number of magnitude Number of magnitude 
of comparison difference of comparison difference 
comparisons JD 2433100°0+ HD 125248 comparisons JD 2433100°0+ HD 125248 
—HD 124683 —HD 124683 





6-928 0°355 +0025 18 40°910 0°314+000, 
7°933 367+ 0019 22 41°898 318 +000, 
8-950 *368 + 002, 18 42°929 "3390019 
9°994 *363+001, 19 44°913 *362+001, 
18-991 364 +000, 30 45°900 "365 +000 
23°927 3301000, 13 47°906 *352+001p 
26°927 *369 + 000g 19 49°881 "321 +000, 
28°893 *359+000,4 18 50°883 317 +000, 
33°894 345 L001, 9 53°923 *364+0022 
34°895 358001, 15 58-890 *320 +000 
35°916 *366+0019 15 59°898 "314000, 
37°927 *359+000, 10 75887 "3530029 
39°885 0°325 +000, 14 76884 0°3321+0029 





difference for the night. The twenty-six mean points have therefore been com- 
bined into a composite curve on the basis of the period of 9-295 days given by 
Deutsch for the spectrum variations. The resulting light curve is shown in 
Fig. 2, the epoch of maximum light being JD 2433 103-95 with an estimated 


probable error of +0-15 days. Table II gives the points on the light curve in 
order of increasing phase, zero phase being at light maximum. The magnitude 
difference Am measured from maximum light is converted into light intensity 
on the basis of maximum light equal to unity. 


TAaBLe II 
Light Curve 





Light O-c _— Light 


: : ; - Am 
intensity intensity 
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A preliminary harmonic analysis of the light variation showed that the 
coefficients of the sine terms were negligible, only the first three harmonics 
appearing in the cosine series. Accordingly a least squares solution was made 
for the coefficients in the equation 

l=a+bcos@+ccos20+dcos 38, 
where = 2x phase. Taking the observations to be of equal weight we find 
a =0-9722 + 0:0002 (p.e.), b =0:0234 + 0-0003, 
¢ =0°0039 + 0:0003, d=0-0005 + 0°0003. 
The mean light per cycle is of course the constant term in the cosine series. The 
curve drawn amongst the observations is the light variation given by the harmonic 
analysis. The residuals O-C in Table II are given in magnitude difference. 

The elements of the light variation are 

Light maximum = J D 2433103°95 + 9°295 E, 
the light minimum being 0-9522, and the corresponding magnitude difference 
from the maximum being 0-053 in an effective wave-length of 40004. 
approximately. 
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Fic. 2.—HD 125248 light variability. 

Probable error of ©™-o01 is indicated by the circles. Mean 
points for which the p.e. exceeded this amount are indicated. 
Ordinates : Magnitude difference. 

Abscissae: Phase in period units. 


5. We now discuss the relationship between the variation in line intensity, 
radial velocity, magnetic field and luminosity outlined in the preceding sections. 
From the elements of Deutsch for the variation in line intensity given in Section 1, 
and with E=318 periods we find 

Eull maximum =Cr II minimum = JD 2433098-88 
for the extrapolated epoch of zero phase. Comparing this epoch with that of 
the light maximum in Section 4 we find that the phase of the light maximum with 
respect to the EuII variation is o"-55. ‘Thus the moderately sharp light maximum 
occurs approximately when the CrII lines have their maximum intensity, and 
the somewhat shallow light minimum occurs at the EuII maximum. Fig. 3 
gives the relationship between the several types of variation. The spectral 
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characteristic given in the figure is that derived by Deutsch from Morgan’s 1931 
intensity estimates; the radial velocity variation refers to the same epoch but the 
phase of the light variation has been derived as above, by extrapolating Deutsch’s 
period to the present time. To gain some idea as to the agcuracy of the period 
91-295 we notice that the epoch of maximum in the spectral characteristic which 
Deutsch derived from Morgan’s estimates is located at JD 2426367-90, whereas 
the later observations in 1944/5 by Deutsch give the epoch of EuII maximum at 
JD 2430143-07. If 406 periods have elapsed between these two values of epoch 
we obtain P=g‘-298. Now an uncertainty in the period as great as +0%-003 
would give an error of + 04-95 in the present epoch of Eu II maximum obtained 
by extrapolation from JD 243014307 to the present time by means of 318 periods. 
Hence the uncertainty in the location of the phase of the light maximum with 
respect to the EulII variations would be +o0?-10. 
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. 3-—HD 125248. Variability in line intensity, magnetic field and luminosity. 
Upper curve: Special characteristic. Eu II strong. 
Middle curve : Radial velocity (km./sec.). 
Lower curve: Light intensity. 

Comparing the light variation with the radial velocity measures discussed in 
Section 2 we see that the light maxima and minima occur at phases of zero 
velocity. The magnetic variations described in Section 3 have their extreme 
values at the radial velocity zeros. Although Babcock (4) has pointed out that 
the values of H,, quoted have a probable error of about a kilogauss, it is nevertheless 
interesting to notice that the pulses in luminosity of the star take place during the 
apparently smaller variation in negative H,. ‘Thus the magnetic energy of the 
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star during the light maximum seems to be less than during the shallow light 
minimum when the apparently larger variation in positive H, gives a larger 
magnetic energy of the star. 

A theory of magnetic variability in stars has been given recently by 
Schwarzschild (g) in an investigation of the magneto-hydrodynamic oscillations 
which can take place in a non-rotating star composed of homogeneous incom- 
pressible matter with infinite conductivity. This idealized star is considered 
to have a permanent magnetic field on which is superimposed a small variable 
component A. The modes of oscillation investigated are those in which the 
vector potential of the solenoidal stream velocity is symmetrical and anti- 
symmetrical with respect to the equatorial plane. These are called the even 
mode and the odd mode respectively. In the even mode the oscillatory 
component of the magnetic field has the character of a reversing quadrupole, 
and in the odd mode the field behaves like a reversing dipole. In both modes 
the zeros of stream velocity * occur at the phases of the amplitude maxima of the 
variable field. Although the theory in its present form is severely simplified 
it is interesting to note the agreement of the theory with the coincidence of the 
phases of zero velocity and the magnetic field maxima as found above for 
HD 125248. 

We now examine some consequences of the light variability given in Section 6. 
We suppose that the luminosity of the star in the wave-length A is given by 
L,xR*®B,(T), where R is the radius and B,(T) the Planck Function. Since the 
photocell admits a fraction f of the intensity of radiation at the effective wave- 
length A,, the photometric measures in Table II give this reduced intensity 
l=fL,, in terms of the maximum light as unit. If we neglect changes in the 
radius, thereby supposing that variations in the luminosity are brought about 
only by changes in 7, we find 


ai he (AT 
“Bis 


With T=14,000 deg. K. as the colour temperature for spectral type Ao the 
change AT in colour temperature required to account for the observed variations 
in luminosity at wave-length 4000 A. amounts to about 250 deg. K., the star being 
bluest at maximum light. 

According to Struve and Swings (3) a change in colour temperature of about 
2000 deg. K. has been found by Nikonov and Brodskaja (10) in «? C Ven, the star 
being bluest when the total light isa minimum. It should be pointed out that a 
colour temperature change of 20co deg. K. would give a change of approximately 
0-10 in the relative gradient. One should expect that a change in gradient by an 
amount as large as this would have shown up in the Greenwich gradients (11). 
But such an effect does not appear in the measurements, in fact «? C Ven is taken 
as one of the standard stars. More recently Stebbins and Whitford (12) have 
studied this star and did not find any large change in colour. 

On the basis of a colour temperature change in HD 125248 of 250 deg. K., as 
suggested by the above calculation, a change in relative gradient of about 0-01 
from maximum to minimum light might be expected. 

6. This investigation benefited from the visit of Professor S. Chapman 
to the Commonwealth Observatory, and from some correspondence with 


* Schwarzschild’s stream velocities integrated over the visible hemisphere are taken to be the 
radial velocities measured. 
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Dr H. W. Babcock. The writer also acknowledges the benefit of conversations 
with his colleague Dr S. C. B. Gascoigne. 


APPENDIX 


Take the magnetic axis in the xz plane and inclined at an angle « to the axis 
of z, the line of sight. Let P be a point on the visible hemisphere with coordinates 
(x,y,z), and (X, Y, Z) with respect to the magnetic axes. 
magnetic intensity at the point P are as follows :— 


Hy= 20 xz, Hy=30, Hy = 7 (2Z*-X*-Y9, 


The components of 
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Fic. 4.—Zeeman effect for an inclined dipole. 
Line of sight: oz. 
Magnetic axis: OZ. 
where M is the magnetic moment of the dipole at the centre of the star, and R is 
the radius. The component of magnetic force in the line of sight is 
H,=H,cosa—Hysin«. 
Introducing the transformation 


X=xcosa—zsina, Y=y, Z=zcosa+xsina, 
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where x=Rsin@cos¢, y=Rsin@sing, z=Rcos8, we find 


H,= Fa(—sin® 8cosa. +2 .cos*8cosa+38in@ cos 6 cos ¢ sin). 


The displacement 8 is proportional to the line of sight component of the 
magnetic intensity. To obtain the effect integrated over the visible hemisphere 
of a star which is darkened towards the limb, H, has to be weighted by the line- 
of-sight flow of radiation J,(@)docos@dw from the surface element do at the 
point P. Since the area on the sphere between planes of co-latitude 0, 0+ dé is 
27R? sin 6 d0;and the element of lune with angle d¢ intercepts the fraction d¢/2m 
of this zonal area, we have do=R*sin@d@d. Integrating over the visible 
hemisphere the displacement shown in the total light received from the star is 
given by 


0 
em! 2 an 


| 1,(8) sin 0 cos 6 dé db 


[| .0, $)1(0) sin 6 cos 0.40 dp 
8(a, A) =a" : 





0 
If we take a linear law of darkening /,(@)=1,(1-—u+ucos@), where u is the 
coefficient of darkening for the wave-length in question, we find 


Mcosa\ /15+u 
d(a, u) = ; 
(2, ) a( toR® )(25 
Commonwealth Observatory, 


Canberra: 
1950 February 22. 
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STELLAR PARALLAXES DETERMINED PHOTOGRAPHICALLY 
AT THE CAPE OBSERVATORY (SEVENTEENTH LIST) 


(Communicated by H.M. Astronomer) 


(Received 1950 April 17) 


The principal list isin the same form as the previous lists beginning in M.N., 89, 
497, 1929. 

Nearly half of the stars were selected from the Cape Astrographic Zone 
— 40° to —52° as stars with a proper motion exceeding 0”-2 annually. Other 
stars with a similar proper motion were selected from the G.C. About a quarter 
of the stars are faint stars with a proper motion exceeding 0”-5 given by Luyten. 
Many of the latter have a considerable parallax. As the interval between the 
first and last plates of a series is generally four years or more, the proper motion 
is more accurately determined than in the earliest lists. 

The visual magnitudes were mostly taken from the Henry Draper Catalogue 
but the photographic magnitudes are new and depend on recent determinations 
made at the Cape. It has been found that the photographic magnitudes given 
in catalogues of the southern stars are very unreliable and in urgent need of 
observation by modern methods. For nearly all stars with a parallax exceeding 
o”-100 the error in determining a photographic absolute magnitude may arise 
more from the magnitude determination than from the parallax. Generally 
speaking the visual magnitudes appear to be more accurate than the photo- 
graphic ones as judged by the colour index and spectral type. 

In addition to the hundred stars for which a first determination of the parallax at 
the Cape is given, a list is given of stars for which a second determination has been 
made. These stars have generally been re-observed because of a large parallax, but 
for a few a re-determination has been made, as the earlier result disagreed with 
determinations made elsewhere. Completely new series of plates, considerably 
more extensive in general than the earlier series, have been used. In some cases 
a new set of comparison stars has been selected, although in most cases those pre- 
viously used have been retained. The method of measurement used at the Cape is 
a differential one in which the positions of the parallax and comparison stars are 
measured relative to lines ruled on a reference plate. This method loses its value 
for stars of very large proper motion if the observations extend over many years, as 
the displacement may be rather large for measurement. In many cases it has been 
found convenient to make a new reference plate, although this means that the new 
series of measurements cannot be directly combined with the earlier ones for 
proper motion determination. Usually a few of the best of the earlier plates have 
been measured against the new reference plate. In all cases except No. 424 
—40 Eridani A—the proper motion appears to be linear. In giving the results for 
these stars the original determination is given under (1), and later determinations 
under (2) or (3), an asterisk indicating that a new set of comparison stars has been 
used. In forming the means given for each star, consideration has been given to 
weight of the determination rather than the individual probable error. 
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NorTEs 


The spectral type is from a Bloemfontein plate. Cillié writes: Relative intensities of the 
G band and Cal 4226 make it Kz. The MnI (4030-4034) and nearby FelI and 
KI lines appear more intense than they should be. 

Preceding, north and fainter star of a pair. The brighter star is No. 602: P.G.C. 28s, 
parallax +0°-078-+0"-orr. 

The position does not agree very well with that of CoD —51° 1204. The CPD number 
is 569. 

LPM 269 is a white dwarf. 

This is a double star, separation about 2”; the measurement of the plates was difficult and 
was done by two measurers independently. 

A difficult double star. 

There is a considerable difference between the relative and absolute proper motion. 

This star was put on the list as a double star with a large dynamical parallax. Apparently it 
is an optical double. 


Mag. Proper Motion P.E. 
Vis. Type oe ny cinnitivaien, Se tees D2 
Phot. _ R.A. Dec. Weight 

hm =°3 
LPM 7 9°8 © 06 31 710 —g0 +26 + 39 
—39° 31 10°96 —39° 47'°3 730 


Name and 
D.M, No. 


FS 211 as = © 42 10 396 +116 +23 
— 41° 200 11°92 —41° 212 4+ 375 


wal 


PGC 255 3°60 I 03 34 213. —132 
GC 1384 4°55 —10° 42'°7 + 214 


> Oo 


GC 1490 8-7 I 09 20 + 131 +284 
—8° 215 8°47 — 8° 26’-9 + 86 


FS 363 ake on I 13 39 + 220 
CAZ —49° 25 12°86 —48° 408 + 190 


LPM 96 ee 2 00 10 +1290 
—18° 359 , —18° 05'*4 +1296 


Ci 18 296 ? 2 13 26 + 305 
—7° 397 — Povo + 281 


Ci 18 301 ° 14 59 + 214 
oe 


—1° 317 f °° 552 172 


GC 3106 - 30 19 150 
79 Ceti 3° 59'°2 156 


won > co > © wo a > © ~~ 


PGC 612 73 36 07 214 
GC 3235 | 1° of7'°3 214 


won 


PGC 665 51 33 78 
GC 3539 gi37t + % 


PGC 750 ze) 3 13 57 20 
GC 3955 —22° 52'°6 13 


GC 4975 4 03 15 69 
—27° 1560 —27° 411 97 


FS 1213 4°5 28 24 
—43° 1321 “ees +m 


GC 5542 ; 4 28 07 
—29° 1770 ‘ —29° o1’0 


HH HH HH HH HH HH HH HH HH HH HH HH HH HH HH 


~~ oa un aon +O wr 





No. 4, 1950 at the Cape Observatory (seventeenth list) 


Mag. Proper Motion  P.E. 
Vis. . Type ‘a og Asi et Pah | 
Phot. Sainan R.A. Dec. Weight 
hm s5 
4 36 14 + 168 +8: +22 


No Name and 
* D.M. No. 


A 
ms 


FS 1404 


—51° 1204 11°30 —51° 54°8 + 169 


GC 5704 7°65 4 36 43 9 —283 +34 
—28° 1674 8-16 — 28° 23'°3 29 


GC 5843 5°63 4 43 07 +174 +36 
—17° 954 5°93 —17° 07'°1 


LPM 229 ibe 6 04 46 —720 
—59° 584 9°10 —59° 30°2 
PGC 1589 5°14 6 13 13 —218 
GC 7962 5°64 —74° 431 


LPM 241 6 32 23 +779 


12°91 —58° 27’8 


GC 8954 5°83 6 45 44 — 185 
—o° 1462 — 0° 25""1 


PGC 1769 ° 6 47 10 +262 
GC 8941 ° —61° 50’*0 


GC 9106 6 52 51 — 193 
—55° 1095 —55° 075 


LPM 251 eas 7 04 43 +670 
—57° 1139 : —57° 19°°2 


FS 2914 7 Il 44 +175 
—43° 3055 — 43° 29’°9 


GC 9763 . 715 58 +118 
—45° 3088 : —45° 07"0 


FS 2967 me 7 16 09 — 103 

—40° 3074 —41° 023 

LPM 269 7 35 44 —590 
—17° 099 


GC 10418 7 +189 
—4° 2069 


Ross 884 ies - —410 
PGC 2089 

GC 10661 

FS 3513 

—49° 3139 

ZC 5038 

—49° 3174 





PGC 2163 
GC 11118 


LPM 283 
—13° 2439 


HH HH HH HH HH HH HH HH HH HH HH HH HH HH HH HH HH HH HH HH HE 
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> Mag. Proper Motion P.E. 
ao = Vis. Type "ca 7 ° nsiaeliihcilaicaiidig. «am cecilia 
rc Phot. _ R.A. Dec. Weight 
hms 
LPM 292 rite 8 24 34 + 410 —870 +30 + 51 
12°68 — 1° 23°4 + 408 


He He 


LPM 298 8-95 5 8 45 24 110 —5§20 +30 - 19 
— 4° 2468 9°74 7 a? 153 


H- H- 


LPM 299 eS 8 49 18 + 360  —500 
13°35 —132° 43°99 + 359 


LPM 300 


ore 8 54 04 + 230 
12°34 — 5° 59'°6 - 221 


HH HH 


GC 12632 7°31 Q 04 02 — 375 
—10° 2754 7°60 —10° 210 339 


LPM 316 11°6 I 9 23 58 120 
Ross 439 13°52 a 173 


HH HEE 


ZC 7700 8-6 9 39 10 130 
—42° 5552 —42° 49'"1 110 


HH 


GC 13670 ° 9 51 05 169 
— 20° 3049 ° —20° 16’-2 + 196 


H- H- 


LPM 337 10 07 25 520 
—17° 3088 — 18° 07'°5 - §28 


He He 


GC 14077 . J 10 10 37 113 
—41° 5716 . —41° 13°98 87 


He H- 


FS 7487 sive 10 10 43 168 
— 40° 4306 —41° 05'°8 132 


H- H- 


LPM 347 < 10 20 18 710 
—9° 3070 — 9° 436 823 


LPM 349 < 10 21 39 10 
—5° 3063 — 6° 001 - 38 


FS 7920 10 27 50 94 
—41° 5939 —41° 37°8 52 


HH HH HEHE 


LPM 353 10 34 42 - 670 
— 6° 24’'1 695 


H- H- 


LPM 357 10 40 56 — 1860 
—18° 3019 —18° 34°83 —1861 


Ross 898 ‘ — 10 49 58 — 310 
—o° 2387 — 0° 16'°3 — 221 


GC 15212 As 10 59 19 - 213 
—50° 5641 ° — 50° 48''9 204 


FS 8569 10 59 35 238 
—45° 6641 —45° 55'°6 243 








FS 8645 wie oe 11 04 28 — 183 +146 
— 41° 6360 10°92 —41° 188 — 180 


* 1540 is not —5° 2678 but about 1}’ np to that star. 
+ 1547 CPD Number. Not in CoD. 





No. 4, 1950 


No. 


1563 


1564 


1565 


1566 


1567 


1568 


1569 


1570 


1571 


1572 


1573 


1574 


Name and 
D.M. No. 


LPM 370 
—10° 3216 


LPM 388 
CAZ —41° 627 


PGC 3058 
v Leonis 


CoD —55° 4223 
Ross 920 
LPM 410 


GC 16729 
— 6° 3532p 


GC 16730 
— 6° 3532f 


Mean 


Ross 935 
—3° 3258 


Ross 938 
—6° 3580 


ZC 10450 
— 42° 7705 


LPM 447 
Ross 704 


Ross 970 
—5° 3596 


LPM 456 


GC 17784 
—49° 7651 
FS 10788 

—40° 7755 


PGC 3452 
« Centauri 


GC 18284 
—1° 2832 
ZC 11590 
— 50° 7991 


LPM 503 
—31° 10833 


at the Cape Observatory (seventeenth list) 


Mag. 
Vis. 
Phot. 


10°26 
12°89 
4°47 
5°26 
11°82 
12°02 
8°3 
8:86 


8:0 
8-62 


11°84 
98 
10°87 
12°93 
11°43 
12°38 
g'02 
9°36 
11°99 
2°91 
2°62 


7°31 
7°94 
8-4 

8-g0 


12°36 


Type 


Ks 


R.A., Dec. 
(1900.0) 
hm 65 


11 06 14 
—10° 25'°4 


Il 27 O1 
— 40° 30’'0 
II 31 50 
— o° 16'°3 
Il 40 37 
—55° 08'°6 
56 o2 
1° 10'°7 
10 00 


6° 42’°0 


10 00 
6° 42"°0 


11 56 
3 Eg 


23 40 
— 6° 58’:0 


12 25 59 
— 42° 49°°6 


12 39 30 
—14° 490 


12 49 48 
<5 o's 
12 55 12 
—62° 38'°6 
13 OF 51 
—49° 48'°9 
13 07 37 
—41° 04'°6 


13 14 58 
—36° 11'"1 


13 26 36 
— 1° 48'°6 


13 37 28 
—g2" O7'°s 


13 55 14 
—31° 190 


Proper Motion 


R.A. Dec. 


— 870 +660 
— 951 
670 
697 


+240 


3 +38 
66 


228 
232 


155 
147 


339 
329 


831 
847 


208 
1990 


670 
— 696 


P.E, 
Unit 
Weight 
+25 


£33 


+35 


x3! 


+26 


Parallax 


+ 48 


* 1560 Stars No. 453, 454 in this neighbourhood are brighter stars mistaken for this. 
CoD —55° 4219, 4220, or CPD —55° 4608, 4610. 


A) 
ad 


HH HH HH HH HH WH FH 


Ss 
= 
+ 
= 
= 
a 
bo 
= 


in 
ns 


+ HH HER EE 
wx 


+o ws 


ro 


be 


HH 


H- H+ 


~ 
oo 


_ 
te} 


>! 


wn 


nv Oo 


> w oo w oo > wo wv > 


mo + © 


w © 


ORIG WD 


ges. 


se BS PTR Ng Ag Oa 








Stellar parallaxes determined photographically 


Name and 
D.M. No. 


LPM 504 
—1° 2892 
FS 11966 
—47° 9018 
ADS 9476 
—3° 3707 
FS 13038 
—50° 9325 


ZC 13716 
—51° 9352 


GC 21104 
—44° 10333 


GC 21518 
—42° 10980 


FS 14300 
CAZ —50° 112 


FS 14594 
—46° 10628 


ZC 14907 
—45° 10738 


FS 15119 
—45° 10752 


FS 15913 
—44° 11376 


FS 17568 
—46° 11973 


ZC 17382 
—51° 11566 


FS 18877 
—41° 13726 


FS 19269 
—47° 13548 
FS 19299 
CAZ —51° 330 


GC 29345 
—43° 14325 


GC 29346 
—43° 14327 


ZC 19282 
—49° 13403 


PGC 5765 
GC 31279 


Mag. 
Vis. 
Phot. 


11°04 
12°02 
9°2 


10°0I 


11°03 


Type 


Ks 


R.A., Dec. 
(1900.0) 
hms 


13 55 58 
— 2° 112 


14 10 12 
— 48° 06'-4 
14 55 57 
_— 4" 42"°1 


15 15 35 
—50° 57°°2 


15 32 45 
—51° 39°°6 


15 35 59 
—44° 37°°3 
15 55 17 
—42° 249 
15 55 29 
—49° 49'°9 
16 11 14 
—46° 32’-0 


16 26 18 
—45° 34°"1 


16 27 39 
—45° 13’°0 
16 55 58 
—44° 34°°7 
17 50 04 
—46° 316 


18 19 14 
—51° 56'°3 


19 44 5I 
49° 17-7 
20 39 20 
—47° 30°°5 
20 46 29 
—51° 06'4 
20 55 36 
—43° 23'°5 
20 55 41 
—43° 23'°2 
21 09 31 
—49° 510 


22 17 00 
—46° 25-9 


Proper Motion 


ieee 
R.A. Dec. 


— 710 
— 828 


+550 


215 —132 
197 


++ ++ ++ ++ 


++ 


Vol. 110 


HH oH oH HEHE OHKE 


H- H- 


HH HH HH HH HH HH HH HH HH HH HH HH HE 


Ht H 





No. 4, 1950 


Name and 


No. DM. No. 


1596 FS 20044 


CAZ —48° 53 


GC 32094 
—50° 13857 


FS 20279 
—42° 16263 


ZC 20498 
—45° 15036 


FS 20521 
CAZ —48° 131 


Name and 
D.M. No. 


GC 338 
—44° 52 


GC 354 
—14° 42 


—24° 889 


—24° 891 


GC 2794 
—26° 828 


GC 3097 
—44° 775 


GC 3279 
—51° 641 


GC 3449 
—13° 544 


GC 3641 
— 28° 987 


FS 821 
CAZ — 46° 110 


at the Cape Observatory (seventeenth list) 


Mag. 
Vis. 
Phot. 


Type 


eae K2 
12°26 


7°74 G5 


8°51 
11°61 
9°16 
9°89 


R.A., Dec. 
(1900.0) 
hm °58 

22 37 19 

—47° 20°3 

22 56 41 

—50° 13'°7 


23 12 04 
—42° 44°2 
23 22 48 

—45° 00°2 


23 52 00 
—47° 11'°6 


Proper Motion 


R.A. Dec. 


236 
208 


197 
182 


294 
296 


4 
35 


Second Determinations 


Type 


Go 


R.A., Dec. 
(1900.0) 


hm 5s 
Oo 12 14 


—44° 24'°5 


© 12 51 
— 14° 00°°7 


2 00 58 
—24° 51°°4 


2 O1 02 
—24° 512 


2 14 30 
—26° 25'"1 


P.M. in R.A. 


+349 
+ 386+ 
+ 384+ 


+437 
+411+ 
+412+ 


+ 368+ 
+398+ 
+396+ 


+404 
+400+ 
+ 400+ 


—225+ 8 
—247+ 1 
—245+ 1 
—246+ 1 


— 4y30 
+ 37% 8 
+. 3723 


+329+ 
+33I+t 
+3364 


+ 402+ 
+3814 
+ 381+ 


+257+ 
+292 
+ 290+ 


+ 186+ 
+167+ 
+1732 


vei 


—216 


P.E. 
Unit Parallax 
Weight 


+33 + 1 


+25 + ¢ 


+18 


Relative Parallax 


_ ~ 
son soo sO @ 


-sInowo oO” 


= 
+ 
= 
+ 
+ 
= 
= 
= 
+ 
+ 
+ 
~ 


+++ +4+4+ +4++4++4+ 
wmst © une 1 0 


HHH HHH HHH HHH HHH HEHE 
no oO 


HH oH oH OHH OEE 


~ 
N 
~ 








Name and 
D.M. No. 


GC 3966 
—63° 217 


GC 3975 
— 62° 265 


GC 4778 
—13° 781 


GC 6120 
—§° 1123 


GC 7196 
—22 1210 


GC 7197 
—22° 1211 


GC 11115 


—60° 1074 


FS 6566 
LPM 328 


FS 20559 
—45° 5627 


GC 15693 
— 63° 1893 


PGC 3448 
61 Virginis 


Stellar parallaxes determined photographically 


Mag. 
Vis. 
Phot. 


5°48 
5°99 


Type 


Go 


R.A., Dec. 
(1900.0) 
h m s 
3 15 36 
— 62° 57°*5 


3 16 o2 
—62° 53°°3 


3 53 22 
—13° 47'°6 


9 40 44 
—45° 18’-0 


9 54 34 
—45° 56’-0 


II 21 23 
~63° a5’:2 


13 13 10 
ae 4g 3 


P.M. in R.A. 


+ 13274 


: 


1327+ 
1327+ 


1304+ 


+1326+ 
+1326+ 


T 


62+11 
26+ 
48+ 
52+ 


— 2274 
— 2286+ 
— 2236+ 


—2177= 
—2234+ 
— 22344 


4 


64+ 
26+ 
27+ 


Vol. 110 


Relative Parallax P.E. 


+107 
tT 104 
+105 


+ 98 
+ 63 
+ 82 


(1) 
(2) 
Mean 


(1) 
(2) 


Mean 


(1) 

(2)* 

(3) 
Mean 


(1) 
(2)* 
Mean 


(1) 
(2)* 


Mean 


(1) 
(2)* 
Mean 


(1) 

(2) 

(3) 
Mean 


(1) 
(2)* 


Mean 


(1) 
(2) 


Mean 


(1) 
(2) 


Mean 


(1) 

(1)* 

(2)* 
Mean 


(1) 
(2)* 
Mean 


(1) 
(2) 


Mean 


(1) 
(2) 


Mean 


(1) 
(2) 


Mean 





No. 4, 1950 


No. 


Name and 
D.M. No. 


58 GC 20111 


—20° 4123 


GC 20113 
—20° 4125 


FS 13312 
—40° 9712 


GC 24802 
ZC 17132 


GC 25424 
—25° 13291 


GC 32863 
—73° 2299 


(22 14M) (2) includes (1). 


at the Cape Observatory (seventeenth list) 


Mag. 
Vis. 
Phot. 
8-87 
9°56 


Type 


M2 


R.A., Dec. 
(1900.0) 
hm °s3 
14 51 36 
—20° §7'°7 


14 51 37 
—20° §7°°9 


15 25 44 
— 40° 54'°4 


18 05 06 
—43° 27'°3 


18 31 O1 
25° 44°°8 


23 33 42 
~—ay: 16°93 


NOTES 


P.M. in R.A. 


+ 988+ 
+ 1000+ 
994 


r 10257 
+ 1030+ 
1028 = 


~1163+ 
~ 1197+ 
—1I95= 


119+ 6 
130+ I 
130+ I 


148+ 10 
37+ 1 
57> I 


942 5 
1392 2 
133+ 2 


413 


Relative Parallax P.E. 


+148 
+154 
+151 


+172 
158 
+ 165 


+ 161 
+148 
+154 


76 
44 
55 


51 
36 
41 


+133 
+103 
+118 


6 
7 
4 
t 6 
- 6 
4 
8 
8 
6 


(1) 
(2)* 
Mean 


(1) 
(2)* 
Mean 


(1) 
(2)* 


Mean 


(1) 
(2)* 
Mean 


(1) 
(2) 


Mean 


(1) 
(2)* 
Mean 


(84 07M) (1)* is deduced from the same measures as (1) but with two of the four reference 
stars rejected as in (2). 


ERRATA 


M.N., 109, No. 6, Harold Jeffreys’ paper: 
P. 678, equations (27) and (28), for L read L/n. 
P. 687, line 1 of footnote, for Takenti read Takeuti. 
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